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Abstract 

The Hubbard model is a simplified description for the evolution of interacting 
spin-^ fermions on a d-dimensional lattice. In a kinetic scaling limit, the Hubbard 
model can be associated with a matrix-valued Boltzmann equation, the Hubbard- 
Boltzmann equation. Its collision operator is a sum of two qualitatively different 
terms: The first term is similar to the collision operator of the fermionic Boltzmann- 
Nordheim equation. The second term leads to a momentum-dependent rotation of 
the spin basis. The rotation is determined by a principal value integral which depends 
quadratically on the state of the system and might become singular for non-smooth 
states. In this paper, we prove that the spatially homogeneous equation nevertheless 
has global solutions in L°°(T'^, C^^'^) for any initial data Wq which satisfies the "Fermi 
constraint" in the sense that < Wq < 1 almost everywhere. We also prove that 
there is a unique "physical" solution for which the Fermi constraint holds at all 
times. For the proof, we need to make a number of assumptions about the lattice 
dispersion relation which, however, are satisfied by the nearest neighbor Hubbard 
model, provided that d > 3. These assumptions suffice to guarantee that, although 
possibly singular, the local rotation term is generated by a function in L'^{T'^, C^^^). 
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1 Introduction 



As discovered independently by Nordheim [T] and Peierls [2J, the dynamics of weakly in- 
teracting quantum fluids can be well approximated by a kinetic equation of Boltzmann 
type. Mathematical properties of such quantum kinetic equations have been studied 
extensively, for a general review one can consult [3] and for recent results we refer to 
[H El El El El El ED] • Of particular interest in our context is the work of Dolbeault [4] on 
the Boltzmann-Nordheim equation for spinless fermions. 

In our contribution, we will study the kinetic equation derived from the fermionic 
Hubbard model, see [11] for details. Compared to the kinetic equation of [4], there are 
three important modifications. The Hubbard model describes the motion of electrons in a 
periodic background potential in the tight binding approximation, which means that the 
electrons move on the c?- dimensional lattice . In the spatially homogeneous case, the one 
considered here, this implies that the Wigner function W[t^ k) at time t is a function on the 
(i-torus, k G T*^, the fundamental zone for the discrete Fourier transform. Secondly, since 
electrons have spin i, the Wigner function W{t,k) depends on the spin and so naturally 
forms a 2 X 2-matrix. Thus the kinetic equation governs the evolution of a matrix-valued 
function on the torus for which, in general, [W{t, ki), W{t, ^2)] 7^ if fci 7^ ^2. Hence the 
conventional arguments have to be reworked. 

The third modification is an appearance of a Vlasov type term in the Boltzmann equa- 
tion. In the Hubbard model, the electron interaction is on-site and independent of spin. 
Hence, the microscopic Hamiltonian is invariant under global spin rotations. As a conse- 
quence, besides a conventional collision operator, the Hubbard-Boltzmann equation con- 
tains a term similar to that of the Vlasov equation. The new term rotates the fc-dependent 
spin basis but does not generate entropy. At the first sight, the Vlasov term appears in- 
nocuous but, in fact, it is one major obstacle to overcome before arriving at a well-posed 
quantum kinetic equation: the term is defined by a principal value integral which might 
generate singularities even for regular initial data. 

In the spatially homogeneous case, the Hubbard-Boltzmann equation reads 

dtW{t, k) = C[W{t, ■)]{k) , C[W] := Cdiss[W^] + Ccons[W^] . (1.1) 

Here W = Wij {t, /c) is a 2 x 2 Hermitian matrix at time t > with wave number G T'^ and 
i,j G {1, 2} counting for the spin-degrees of freedom. Physically, W describes the average 
density of electrons at wave number k with a spin density matrix W{t, k)/ tT{W{t, k)). We 
wish to solve this equation subject to an initial condition 

W{Q,k) = Wo{k) , for all A; gT^ (1.2) 

I.G., clS db Cauchy problem with initial data Wq. The collision operator C[W] is a sum of a 
dissipative term Cdiss[W^] and a conservative Vlasov type term Ccons[W^]- Their properties 
depend crucially on the dispersion relation w : T'^ — )■ R of the waves generated by the 
quadratic term of the tight-binding Hamiltonian. For instance, in the Hubbard model on 
a (i-dimensional square lattice, ijj{k) = — Ylt=i cos(27rA;^). 
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The dissipative part of the colhsion operator is given by 

X (^Tyiiy3J[iy2VF4] + J[W4W2]W3Wi - WiW3J[W2W4\ - J[W4W^2] W^l) , (1-3) 

where we employ the following notations 

k := ki + k2 — kz — ki , := cui + C(;2 — — ^4 , W := 1 — W , (1.4) 
Ui:=u{ki), Wi:=W{ki), Wi:=W{h), for ? = 1, 2, 3, 4 , (1.5) 
J[M] := Itr(M) -M, for M € C^''^ (1.6) 

The shorthand notations k and w are somewhat rigid, as the dependence on variables fcj, 
i = 1,2,3,4, is implicit. We will only use them to shorten the notation for the collision 
kernels, in which case ki denotes always the fixed "input" variable and ki, i = 2,3,4, 
the integration variables. The conservative part of the collision operator is written as a 
commutator with a ly-dependent "effective Hamiltonian" , 

Ccons[W]{k,) := -i[H,s[W]{k,),W{k,)] , (1.7) 

where Hes is defined formally as a principal value integral around w = 0, 

Hes[W]{k,) := ip.v. / dk2dksdk,6{k) - 

X (W3J[W2Wi\ + J[W4W2]W3 + W3J[W2W4 + J[W^4W^2]'^^3) • (1-8) 



The goal of our contribution is to establish that the evolution equation (11. ip . together 
with (11. 2p . (II. 3p . (II. 7p and (II. Sp . is well-posed for "fermionic initial data". Since the 
original Hubbard model describes fermions, the above Wigner matrix function at any time 
t needs to satisfy < W{t,k) < 1, as a matrix inequalitjil] for almost every k; we call 
this property the Fermi constraint. Thus from the physics side, it is natural to look for 
solutions in the space of Lebesgue measurable functions W{k) which satisfy the Fermi 
constraint almost everywhere. This requires to show that, if the initial data Wq satisfies 
< Wo{k) < 1, then this property is propagated in time. For this purpose we use the 
approach of Dolbeault, somewhat modified to account for the matrix- valuedness of M and 
of the above constraints. Our construction relies heavily on the property that 

AJ[BC] + CJ[BA] > , (1.9) 

for arbitrary n X n matrices A,B,C> 0. (We thank David Reeb for most helpful discussions 
relating to the inequality (11.91) .) 



^We follow the convention that M > if and only if M is a Hermitian matrix and its eigenvalues belong 
to [0,oo). We also recall that M e C"""" satisfies M > if and only if {z,Mz) > for all z € C", and 
that this result is not valid if it is only checked for z G W\ 
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For generic W E L°°(T'^, C^^^) we cannot expect that the principal value integral in 
fll.Sp is convergent for all ki eT'^, or even that it converges almost everywhere to a bounded 
function. (Already the standard Hilbert-transform — a unitary operator on L^(]R), defined 
via a similar principal value integral — offers such examples: the Hilbert transform of the 
characteristic function of any bounded interval has logarithmic divergences at both ends 
of the interval.) Of course, one could try to restrict the study to more regular function 
spaces in which the limit exists pointwise everywhere. However, there is no a priori reason 
why such a space would be invariant under the time-evolution. Our actual construction is 
rather indirect, but does achieve the desired goal. More precisely, our strategy is to prove 
first the well-posedness of a regularized problem for functions continuous in k, to solve 
dtW = Cdiss[W] — i[if|fj[iy], W], and then to show that the solutions converge in L^-norm 
to a unique solution of the original problem as the regulator is removed, e 0^. 

In the well-studied continuum setup of Boltzmann equations, the dispersion relation is 
given by /c^, G M'^, and the energy constraint a; = has simple explicit solutions and 
one can integrate over both 5-functions to obtain an explicit integral operator involving 
only Lebesgue measures. In contrast, all lattice systems share the difficulty that even for 
the simplest lattice dispersion relations the solutions to a; = are not easy to handle. 
Integration over S{u) is even more problematic since the result typically involves singular 
integral kernels or might become ill-defined. A complete classification of the singularities 
resulting from such an integration over the ^-functions appears to be a hard problem in 
harmonic analysis and is certainly beyond the scope of the present paper. 

Instead of a classification result, we provide here a set conditions for the dispersion 
relation u under which both the dissipative collision integral and the principal value integral 
defining the effective Hamiltonian are sufficiently regular for the resulting solutions to be 
L^-continuous. These assumptions and the main results are described in Sec.[2j In fact, for 
continuous W the dissipative part Cdiss can be defined even without the last (and the most 
complicated) of these conditions. We prove in Sec. [3] that then the formal integrations over 
the 5-functions in (11. 3p can be replaced by an integration over a family of naturally defined 
bounded Borel measures. These measures are used in Sec. H] to prove that the regularized 
problem is well-posed for continuous initial data. We have presented these results in 
somewhat greater generality than what is needed for the proof of the main theorem: such 
measures appear also in other phonon Boltzmann equations, and the properties proven in 
Sec. [3] could thus be of independent interest. 

In Sec. we show how the full set of assumptions leads to L^-continuity of the collision 
operator and apply the resulting estimates to conclude the proof of the main theorem in 
Sec. El One technical problem in extending the phonon Boltzmann collision operator from 
continuous W to functions defined only Lebesgue almost everywhere is related to the mea- 
sures derived in Sec. Owhich are singular with respect to the Lebesgue measure. Therefore, 
one needs to handle sets of measure zero carefully. In fact, it turns out that instead of 
working directly with integrals over the above Borel measures, it is better to define the 
collision integral via a limit procedure using L^-approximants which are continuous in k 
(Lemma 13.31 and Corollary 13. 4p . These two definitions need not be pointwise equivalent, as 
the following example illustrates: Consider a function f{x) which takes value one at x = 
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and is zero elsewhere. Then J dx 6{x — XQ)f{x) = 1 at xq = but / is L^-equal to the zero 
map /o for which J dxS{x — Xo)fo{x) = for all Xq. However, should the two definitions of 
the collision operator disagree with each other, then the one presented here looks physically 
more reasonable: for instance, we prove here that it results in global well-posedness and 
in conservation of both total energy and spin. In fact, we show in Proposition 15.41 that the 
above definition of the collision integral can be simplified for dispersion relations satisfying 
all of the present assumptions. Then it can be defined for W G L°° as an L^-limit of 
regularized Lebesgue integrals similar to those used in the definition of the principal value 
integral in Hes- 

To check that a given dispersion relation satisfies the required assumptions, is still a 
nontrivial problem in itself. We have included a proof in Appendix [X] which implies that 
our results indeed apply to the nearest neighbor square lattice hopping, at least as long as 
the dimension is high enough, d > 3. 

Acknowledgements 

The research of J. Lukkarinen and P. Mei was supported by the Academy of Finland. We 
are also grateful to the Nordic Institute for Theoretical Physics (NORDITA), Stockholm, 
Sweden, to the Erwin Schrodinger International Institute for Mathematical Physics (ESI), 
Vienna, Austria, and to the Banff International Research Station for Mathematical Inno- 
vation and Discovery (BIRS), Banff, Canada, for their hospitality during the workshops 
in which part of the research for the present work has been performed. H. Spohn thanks 
M. Fiirst and C. Mendl for helpful discussion. 

2 Main results 

To give a proper mathematical definition of the collision operator we need to add 

some assumptions about the dispersion relation u. For instance, if we would allow u to be 
a constant map, we would have a; = everywhere and thus 6{ui) = oo identically. As in 
[12], we formulate our assumptions through properties of oscillatory integrals involving u. 
There is considerable freedom, and the following choices are mainly made for convenience: 
(DR[2]) will imply that the term 5(a;) leads to uniformly bounded measures and (DR[3]) 
will be used to prove the L^-continuity of -ffefT- Neither of these conditions is likely to 
be optimal, but they facilitate the technical estimates and are general enough to include 
many physically relevant cases. For instance, in Appendix|A]we show that nearest neighbor 
interactions on a square lattice with d > 3 satisfy all of the assumptions. 

Whenever necessary, the li-torus T'^ := M'^/Z'^ is understood as having the parameter- 
ization [— |, |]'^ with periodic identifications on the boundary. In particular, arithmetic is 
periodically extended to T'^ and we have a normalization Jjddk = 1. 

Assumption 2.1 (Dispersion relation) Suppose d > 1 and u; : T"^ — )■ M satisfies all of 
the following: 
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(DRl) The periodic eoctension of ui is continuous and satisfies uj{—k) — uj{k). 
(DR2) (i^-dispersivity) . Let us consider the free propagator 

Pt{x)= [ dA;e^''^^-V^*'"('^). (2.1) 

We assume that its is-norm belongs to L^{dt), in other words, that t WptWl G ■ 
(DR3) (effective collisional dispersivity) For a e { — 1, 1}^ and k, k' G (T'^)'^ define first 

3 

Q{k; a) := ^ (TiUj{ki) + a^ojiki + k2 - k^) (2.2) 
1=1 

and then 

Vti{k^ k'; a) := Cl{k; a) , ^l2{k, k'; a) := Cl{{ki, k'2, k^); a) , 
n3{k, k'; a) := 0(A;'; a) , Q^ik, k'; a) := n{{k[, k2, k'^); a) . 

Set for se R^ a E {-1, l}^ 

g{s;a):= [ dWA;e^^'=i^*"^(*^''=>) . (2.3) 

We assume that Cg :— maxo- Jjg4 ds|^(s; (t)\ < 00. 

To study the solutions we consider the following function spaces 

X^:={W e C(T^ C^^^) I W{k)* = W{k) for all keT^} , (2.4) 

^ferm := {W E C(T^ C^^^) | < W{k) < 1 for all keT'^} , (2.5) 

Ll^:={W e L\T'^, C^""^) I W{ky = Wik) for a.e. keT'^} , (2.6) 

^Lm -^{W e L2(T^ C^^^) I < W{k) < 1 for a.e. keT'^} . (2.7) 

We equip the function space Xji with the sup-norm and the equivalence classes in with 
L^-norm which makes both spaces into real Banach spaces. It is easy to check that then 
Xfcrm and Lf^j.^ are closed convex subsets of Xh and L^, respectively. 

To make the definitions of the norms explicit, wc need to fix the matrix norm for C^^^. 
Since any two norms on a finite-dimensional vector space are equivalent, the choice does 
not play much role in the results. However, it will be convenient to consider here the 
Hilbert-Schmidt norm: we define for M e C^^^ 

l|Mf :=E|Md^ (2.8) 

For the matrix product this implies an estimate ||M'M|| < ||M'||||M||. The result- 
ing L^- and L°°-norms in are denoted by ||H^||2 and ||H^||oo; explicitly, = 
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J^Ak tT{W{k)*W{k)) and \\W\\^ — ess sup^g-j-d ti (W [k)*W [k)), where the essential 
supremum refers to the Lebesgue measure. 

Our main resuhs are summarized in the following three theorems. The first two give a 
precise meaning to the formal notations used in the definition of the collision operator. In 
the first theorem we explain how Cdiss is connected to a natural bounded Borel measure. 

Theorem 2.2 Suppose u satisfies the conditions (DfQ^ and (DF^. In the collision op- 
erator, for a given ki G T*^, the notation dk2dk3dk4 6{k)6{ui) refers to a regular complete 
bounded positive measure on (T'^)^ whose a-algehra contains Borel sets and which satisfies 
for any F E ^((T'^)^) 

dfc2dfc3 



dk2dk3dk4 6{k)6{u)F{k2, k^, k^) = lim / -^(^2, ^3, + ^2 - ^3) -1; n 



(2.9) 

IfWE Xferm, then Cdiss[W] is defined using this measure in U.3\} . 

ForW G Lj^rm' Cdiss[W^] ^ -^H '^^ defined by using continuous approximants , as explained 

in detail in Corollary \3.4\ If all of the conditions (DI{J^-(DI^ hold, then for any W G 
7-2 

ferm 



Cdiss[W]{k,) = Mm [ dk2dk3dk,5ik) 



'(T<*)3 

X (WiW3J[W2W4\ + J[W4W2]W3Wi - WiW3J[W2W4] - J[W4W2]W3Wi^ , (2.10) 

where the limit is taken in L'^-norm. 

The second result shows that Hes can be defined as an "L^-principal value integral" 
which can also be obtained as a limit of terms using more regular cutoffs. (In fact, the 
second regularization arises naturally in the derivation of the equation from the microscopic 
Hubbard model, cf. [TT].) 



Theorem 2.3 Suppose u satisfies all of the conditions (DI{1\)-(DI^ and define for e > 

If CO 



H'esmik,) ■.= 11 dk2dk,dk,6{k) 

I J(Jd)3 



a;2 + £2 



X (W3J[W2W4] + J[W4W2]W3 + W:iJ[W2Wi] + J[Ty4W^2]W^3 ) • (2.11) 



Then, given W G L'j^rm ^h ere is an L'^-limit of H^g[W] as e — y 0^ which we denote by 
Hef[[W]. In addition, for any W G L'j^rm ^^''^ fi''^'^ ^ sequence O'^ such that for 

almost every ki 

1 /" .n,. l(k|^^n) 

l(Jd^3 CO 



H^s[W]{ki) = lim ^ / dk2dksdki5{k) 

n-s-oo 2 J(jd)3 



X [W3J[W2W4] + J[W4W2]W3 + W3J[W2Wi] + J[WiW2]W3 ) , (2.12) 
where Wi := W{ki), i = l,2, 3, 4. 
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The third theorem shows that, endowed with the above definitions, the Hubbard- 
Boltzmann equation is well-posed for any fermionic initial data. It also implies that the 
solution satisfies the basic properties expected from a kinetic scaling limit of the original 
Hubbard model: preservation of the Fermi property and of total energy and spin. 

Theorem 2.4 Suppose u satisfies all of the conditions (DI{J\)-(DI{^ and define Cdiss (^nd 
Hes as in Theorems \2.^ and \2.3\ respectively. If Wq G Lj^rm' then there is a unique 
W e C(^)([0, oo), L\^^ such that iy(0, k) = Wo{k) almost everywhere and for allt > 



where Wt{k) := W{t,k). Here Wt depends L"^- continuously on Wq and the dependence is 
uniform on any compact interval of [0, oo). In addition, for all t > 



Here the notation C^^\[0, oo), Lf^j-y^) denotes continuous functions [0, oo) — )■ Lf^j.^ C 
which are continuously Frechet differentiable on (0, oo), considered as an open subset of 
the Banach space M, assuming also that the limit t — )■ 0"*" of the derivatives exists. We 
recall here the basic property that if G C^^\[0, oo), inform) then for all < to < < oo 



where the integral is understood as a vector valued integral in over the compact set 
[to,ti] and dgWs G denotes the Frechet derivative at s G [to;^i]- (Strictly speaking, the 
Frechet derivative should here be an element D G S(R, L^). However, the action of this 
map is uniquely determined by giving Dl E and we always identify D with Dl for such 
maps and denote this by dsWs- Also, such a map is continuously Frechet differentiable if 
and only if the map s (-> dgWs is continuous which shows that the above vector valued 
integral in is well-defined for any W G C^^^ {[0, oo), Lf^^^). After these preliminaries, 
f l2.16p follows from the fundamental theorem of calculus and the easily checked property 
that dsA[Ws] = A[dsWs] for any dual element A G (L^)*.) 

3 Basic properties of the dissipative term Cdiss 

This section concerns the definition of the dissipative part of the collision operator. In 
particular, our goal is to show that the first two assumptions, (DR[T]) and (DR[2j), suffice 
to define the dissipative term Cdiss [W^] via a Borel measure with an L^-continuity property 
which will be needed later. 



dtWt = Cdiss[W^t] - i[Hes[Wt], Wt] , 



(2.13) 




(2.14) 



(2.15) 




(2.16) 
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We begin by showing that the measure merits its symbohc notation which uses the two 
formal delta-functions, at least as long as the integrand is continuous. This is the main 
goal of the first Proposition here. The result is somewhat more general than what we need 
for the present proof but the apparently superfluous properties could well become useful 
in rigorous studies of other phonon Boltzmann equations. For the statement, we consider 
more general "energy constraints": define for k G (T"')^ and a G { — 1, 1}^ 



n{k,a) :=J2^Mki). (3.1) 



i=l 



This is related to the definition in fl2.2p hj Q{k,a) = Cl{{ki, ki, k2) , cr) , whenever ki + k2 = 
ks + ^4 (mod 1). In addition, the combination appearing in the definition of the collision 
operator satisfies a; = Q{k, (1, 1, —1, —1)). 

Proposition 3.1 Assume that a; : T"' — t- M zs continuous and satisfies (DI{^, and define 
Q and fl as in ^2.2^) and h3. Then for every ki G T'^, a G M, and a G { — 1, 1}"^ the map 



C((T'^)3) 3 F ^ lim / F{k2, ks, k^ + k^- k^) 



V)2 + {n{{ki,k2,k3),a) -a)'^ 

(3.2) 

defines a regular complete bounded positive measure on (T'^)'^, a -algebra containing Borel 
sets, which we denote by i'ki,a,a{d^k) or J^^a-^3dk2dk3dk4 6{Q{k, a) — a)6{ki + k2 — k^ — /C4) . 
The measure has the following properties, for any fixed a. 



1. Define aco\\{ki,a]a) := Jduk^^a,a- Then acoii ^ C{T 



d X 



2. The set {(^2, ^3, ^4) ^ {T'^Y \ ki + k2 — k^ — k^ = 0, il(k, a) = a} contains the sup- 
port of the measure i'ki,a,a- 

3. Suppose F G C{{T'^f), f G C(M), ki G andae^ are given. Then 
i^k,,o.,M''k') fmih, k'), a))F{k') = fia) [ u^^^^M^k') F{k') . (3.3) 



In particular, fuk,fi,a{d^k')n{{ki,k'),a)F{k') = for any F G C((T'^)3) and all 
ki G T"^. 

4- If G E C((T'^)^ X M), then the map {ki,a) h-). Jz/^^ ^.(d^A;') G(A;i, A;', a) is continuous 
on T'^xR. 

5. Suppose F G C{(T'^Y ^ ^) ^'^'^ > sup;. |fi(A;,0")|. Then for all ki G T'^ we have 
/^da (/ Vk^^aA^^k') F{k', a)) = Jf^jd)2dk2dk3 F{k2, k^, ki + k2-ks, n{{ki, k2, k^), a)). 
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Proof: a will be considered fixed in the following, and we drop the dependence on it from 
the notation here. Define for x G M and e > 

(^°(x):=^^ and := . (3.4) 



Then G fl L°°, and it is straightforward to check that pointwise for all x & M. we 
have f^{x) = J^ds (^°(s)e'^^. We need to consider the maps 



f dk dk 

^k,,aAF] := / -^-^ F{k2, k^, k, + k2- fc3)<^°(i^((A;i, k2, fca), a) - a) (3.5) 

J(Jd)2 IT 

which are all obviously continuous linear functionals on C((T'^)^) with 

||A.,«,.|| < / Vtmh, k2, fcs), a) - a) =: Ck„a,s • (3.6) 
J(jdy2 vr 

In addition, Fubini's theorem yields for any F G C((T'^)^) 

Ak.,aAF] = Hds [ F{k2, k,, k, + k2- A;3)e-^(('=^''=-'=3),.)-i.« . (3.7) 
J-00 J{T'i)2 TT 

Assume first that F is a trigonometric polynomial, i.e., that there is / : (Z'')^ — t- C 
which has finite support and 

F{k)= J2 e-^'^'= V(x) . (3.8) 



Then 



[ dk2dk3 F{k2, ks, ki + k2 - k^)e^'^(.(''^^''^'^^^'''^-''"^ 

— e^^'^^'^^'^^'*~'*"/(x) / (^f^^(^f^^Q^^i'^2'^(k2)+<^3^{k3)+CT4i^iki+k2-k3)) 

^ g-i27r(fc2-(xi+a;3)+fc3-(x2-X3)+fci-X3) 



The remaining convolution integral can be expressed in terms of Pt{x), which is the inverse 
Fourier transform of /c h- )■ e"'*'^*-*^-'. Using Parseval's theorem to the /ca-integral and then 
Fubini's theorem proves that (13. 9 p is equal to 



(3.10) 
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Thus by Holder's inequality, the property ||p-s||3 = HPsHs, and using (DR[2]), its absolute 
value is bounded by G L^(ds). Therefore, dominated convergence can be used 

here to prove that, when e — )■ 0^, 

Ak^aAF] ^ r^4l ^(^2, h + h- A;3)e-^((^-'=-^3),.)-i..') . (3.11) 

J-oo \J{Td)2 ZTT J 

In addition, dominated convergence also implies that the limit defines a continuous function 
of {ki,a), as both F and Q are continuous. Applying the bounds for f{x) = l{x = 0), 
i.e., for F{k) = 1, also proves that there is C < oo, independent of a, ki and e, such that 

Therefore, we have now proven that (A^,^ „ £)£>05 with a, ki fixed, form an equicontinu- 
ous family of linear functionals on C((T'^)^) which converges at any F which is a trigono- 
metric polynomial. Since trigonometric polynomials are dense in C{{T'^)^) by the Stone- 
Weierstrass theorem, this implies that the family converges then for any F G C7((T'^)^) and 
the limit defines a unique A^^^q G C{{T'^)^)*. (Such a statement is true for any equicontinu- 
ous sequence of linear mappings between Banach spaces; for a more generic statement, see 
for instance [TBI, Exercise 2.14]. By f l3.1ip . the limits obtained from an arbitrary sequence 
En > with e„ — )■ agree on a dense set, and therefore they must all be equal. We denote 
the common limit by A^^^q and it follows that \im^^Q+ A^^^q ^[F] = Afc^^o[-^] for all continu- 
ous F, even though it could well happen that the integral on the right hand side of (13. lip 
is not absolutely convergent for some F.) Since obviously A^^ ^[F] > for any F > and 
(T"^)^ is compact, Riesz representation theorem implies that there is a complete regular 
positive measure i'ki,a such that its cr-algebra contains Borel sets and A^^ ^[F] = J dz/^^ ^F 
for F G C((T'^)^). In addition, since acoii(A;i, a) = Jduk^^a = lim.n^o^Ck^^a,i/n < C, the 
measure is bounded and cTcou is a continuous function of ki,a. We have thus proven the 
first part of the Proposition, and item [1] in the second part. 

To prove item [21 fix ki, denote u := i'ki,a and assume that 

k^S ■.= {ke (T'='){2'3,4} I + ^2 - ^3 - = 0, Q{k, a)=a} . (3.12) 

Since u is continuous, 5* is closed, and thus there is 5 > such that B{k,26) C S*^. We 
can then choose a sequence of continuous approximants 0„ G C{{T'^)^) of the characteristic 
function of the open ball B{k, 6/2) such that the sequence converges pointwise, has values 
in [0, 1] and is equal to for any k' with \k' — k\ > 6. By dominated convergence, then 
iy{BCk,6/2)) = \im^^^Ji^{d^k')Mk')- Here 

/ Kd^fc') Uk') = lim / Mh, h, k, + k,- k,) \ . 

J e->o+J(Trd)2 TT + {Q{{ki,k2,k3),a) - a)^ 

(3.13) 

Let 5*1 denote the support of the function {k2, k^) h-> 4>n{k2, k^, ki + k2 — k^). If Si is empty, 
then the map is zero and J z/(d^fc') 4>n{k') = 0. Assume thus 5*1 7^ 0. If {k2, k^) G Si, then 
k' := (^2, ^3, ^1 + k2 — k^) G supp0„, and thus k' ^ S and therefore r2((A;i, A;2, /i;3), cr) = 
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fi{{ki, k'), cr) 7^ a. Since Si is compact and (^2, ^3) ^ ^2, ^3), o") — «| is continuous, 

there is a minimum cq of the map on Si, and Cq > 0. But then the integrand in fl3.13p is 
bounded by e/cl, which imphes that J z/(d'^A;') (pnik') = 0. Therefore, v{B{k, 5/2)) = and 
thus k is not in the support of i'ki,a- This proves item|21 

Item [3] is then a consequence of the fact that, since the support of i'ki,a is part of the 
Borel set S, necessarily for any continuous function G one has / duki, aG = /^.dz/fc^ aG. 
To prove item HI consider the map I : t-)- fi'kj^^a,a{d.^k') G{ki, k' , a) for some G G 

C{(T'^)* X M). Set r := 1 + sup^ \Q{k, cr)|, which is finite since Q is continuous, and choose 
a function / G C(R) such that < / < 1 and f{x) = 1 for all \x\ < r — 1 and /(x) = 
for all |x| > r. Define G{k,a) := f{a)G{k,a). By the Stone- Weierstrass theorem, we can 
find a sequence ipn{k, a) such that it converges uniformly to G on (T'^)^ x [— r, r] and each 
ipn is a linear combination of functions of the form Q-^'^^o-a/r^-i2TTj2i^iki-Xi -yyj^}^ ^ 
j = 0, 1, . . . , 4. Clearly, /(/ci, a) = f i^ki,a,a{d^k') G{ki, k', a) if \a\ < r — 1, but this in fact 
holds for all a since for |a| > r — 1 we have J i'kj^^a,a{d^k') G{ki, k' , a) = = I{ki,a) by 
item[2J By the previous results, each of the functions (fci, a) / i^ki,a,a{(i^k') ipn{ki, k', a) 
is continuous and hence so is I on (T'')^ x [— r, r]. However, I{ki,a) = for all |a| > r, 
and thus / is everywhere continuous. 

To prove itemO suppose F G C((T'^)^ x M) and m > sup^ |fi(A;,cr)|, and fix ki G T'^. 
By the previous results, we can then apply dominated convergence and Fubini's theorem 
and conclude that 



j da(^jukua,M^k')F{k',a) 

= lim [ ^^'^^^3 f fc^ + /;;2 - fc3,a) 

£^0+ J(jd)2 IT 



'(Td)2 TT + {^I{{ki,k2,k3),a) - a)'^ 

(3.14) 

We change the integration variable a to s = {Q — a)/e, where fl := Q{{ki,k2,k3),a). 

The resulting integral is fl^^^^^y^^s Y^F{k2, k^, ki + k2 — k^, Q — es) which is uniformly 

bounded and, since \Q\ < m, it approaches 7rF(/c2, fcs, ki + k2 — k-s, Q) when £ — )• 0+. Dom- 
inated convergence can thus be applied to conclude that J^da (J i^ki,a,a{di^k') F{k', a)) = 

J(jd)2dk2dk3 F{k2, ks, ki + k2 — k3, Q{{ki, ^2, fcs), cr)). This concludes the proof of the Propo- 
sition. □ 

In particular, the result thus implies that the (up to now formal) (5-functions in the 
definition of Cdiss correspond to a well-defined measure. From now on we denote it by u^^ , 
ki G T*^, i.e., we set z/^i := ^ki,o,{i,i-i-i)- The following results explain how we use it 
to define Cdiss [W^] ii W E L^^j.^. This somewhat indirect construction appears necessary 
since /ci 1— )■ / h'ki,o,a{d^k)F{k) might not even map sets of Lebesgue measure zero on (T'^)^ 
into sets of measure zero on T'^. Nevertheless, Corollary 13.41 shows that the dissipative 
part of the collision operator, which only contains products of L°°(T°')-functions, can be 
meaningfully extended into a map from (L°°(T'^))^ to L°°(T'^). 
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We begin with a result which shows that "Fubini's theorem" works despite the S- 
functions if the integrand is continuous. 



Corollary 3.2 Suppose that u : T'^ ^ M. satisfies (DI(I\) and (DI{^ and suppose a G M 
and a G { — 1, 1}^ are given. Let i'k,a,a denote measures satisfying Proposition \3.1\ and set 
:= (cr2,cri,o-3,(T4), cT^^) := (0-3, 0-2, 0-1,0-4) anda'^'^^ := (cr4, 0-2, o"!, era). If G : (T"^)^ C 
is continuous then 



= J^dk, (^j Vu^cM'^^'k') G{k'„ -k[, -k'„ k,)^ . (3.15) 

Proof: Assume G to be continuous. By Proposition 13. H all four of the above integrals are 
over continuous functions and hence well-defined, and we can apply dominated convergence 
and Fubini's theorem to conclude that 



^^dA;4 (1 u,^^^^^,,,{d'k')G{k'„-k[,-k'„k,)^ 

^ li^ f ^t^^'<^G{k'„-k[,k'^-k[-k^,k,) 

e^0+ Jijd)3 TT 



W TT e^ + {Q{{k^,k[,k'^),a(^))-ay 

(3.16) 

By Fubini's theorem, the value of the integral on the right hand side can be obtained also 
by iterating the three integrals in an arbitrary order. Choose to do k^ first and change there 
the integration variable to ks = ki^ — k'^ — k^. Then k^ = k2 — k[ — k^ and, since u{—k) = uj{k), 
also u{k4 + k[ — k'2) = ooik-s). Do next k[, and change the integration variable to k2 = —k'^. 
Rename the last integration variable to ki. Then ^((^4, /c'^, ^2)? cr*-^^) = ^((^i? ^2? ^3)? cr)? 
and we can conclude that the integral is equal to 



f dki( [ d/cs ( /" —G{ki,k2,k:i,ki + k2-k3 



£2 + (^]((A;i,A;2,A;3),a)-a) 



(3.17) 



Then, by applying Fubini's and dominated convergence theorem, as well as Proposition 
13. H we find that f l3.16p is equal to /j-ddfei (/ Vki,a,u{d?k') G{ki, k[, k^, ^3)). This proves the 
equality of the first and last of the expressions in fl3.15p . The proofs that the other two 
expressions are equal to the first one are very similar, only simpler, and we skip them here. 

□ 
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Lemma 3.3 Assume that u satisfies (DI{J^ and (DI{^. Consider arbitrary Wi G L°°(T'^), 
i = 1,2,3, and sequences Wi^n ^ C(T'^), n G N, such that Wi,n Wi in L'^-norm and 
\'Wi,n{k)\ < ||wj||oo for all i,n,k. Then there is Cq G L^(T'^) such that the sequence of 
continuous functions ki /(xd)3 ^kiid'^k') nLi^«,n(^i) converges in to Cq as n ^ oo. 
In addition, there is a constant C, which depends only on u, such that 

3 

IICoIIl-' < C*]^ lkilU°° ) (3-18) 

i=l 

and, if w[ G L°°{T'^), i = 1,2,3, and G C(T°'), n G N, are another collection of 
functions as above, and Cq denotes the corresponding limit, then 

3 

||Co - C'q\\l2 < Cm" \\^^ - ' (3-19) 

i=l 

where m := maXi(||u7i||oo, ||w-||oo)- 

Therefore, we can identify Cq with a unique map (L°°(T'^))'^ — )■ L^iT'''). This map 
satisfies all of the following properties: 

1. It is linear and commutes with complex conjugation, Cq[w\^W2^w'^ = Co[wi,W2,W3]* . 

2. The bounds l{3.18\) and l{3.19\) hold for Cq = Co[wi,W2,W3] and Cq = Co[w[,W2,w'^]. 

3. If Wi G CiT'^) for all i, then Co[wi,W2,W3] G C{T^) and for every ki G T*^ 

3 

C^[wi,W2,w^]{ki) = / VkA^''k')Ww,{K) . (3.20) 

Proof: Suppose w[ „ satisfy the assumptions of the Lemma. Since they are continuous, 
setting gi^n{ki) := /(^r^js VkA^^k') nLi^i,«(^D and ^,-„(A;i) := /^^.^ VkA^^^') [iLi^lnl^D 
yields continuous functions on T'^, by Proposition 13.11 Denote C := sup^^ ^/ / dvkifl,u', 
which is finite by Proposition 13. 1[ and set m := maxj(||i(7j||oo, ||wij'||oo) < oo. Then we 
have the obvious bounds |5'j,n(^i)| < ||wj||oo and |fi'i_„(fci)| < C'llLi ll'^^illoo, and, by 

telescoping, we also find that for any ki 

3 

\gi,n{ki)-gU^i)\<m^Y. / ykA^'k')\wUk',)-w[^M)\- (3.21) 

i=i h-^"? 

Holder's inequality and / dfci = 1 imply that / dfci (/ VkA(l^k')\wi^n{k'i) — w[n{k'j)\f' < 
C J dki f h'kj^{d^k')\wi^n{k^) — iy-^(A;^)p. By Corollary 13. 2 [ the last expression is equal to 

C J dki\wi^n{ki) - wl^{ki)\'^ J Uj^^ Q^^(,+i){d^k') < C'^Wwi.n-wUl^. Therefore, 

3 

\\9i,n - g'iJlL^ < Cvr? \Wi^n " ^nlU^ • (3.22) 

i=l 
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Consider then some tiq G N, and define wf„ := Wi^n+no- Then w"^ — )■ Wi in and we can 
apply the above results to the sequences w'/^. Since then g'-^ = Qi^n+no and — wf„ — )■ 0, 
the bound in fl3.22p proves that gi^n is a Cauchy sequence in . Hence the L^-limit Co 
exists and there is a subsequence (n^) such that Co(/c) := lim^^oo S'i.n^ (fc) for Lebesgue 
almost every k G T"^. At every such point we thus have |Co(/c)| < CIlLi ll^j||oo- Hence 
f l3.18p holds, and we have proven the first part of the Lemma. 

These results can also be applied to the sequences w[^, and the corresponding limit is 
given by Cq = lim„5f^„. Thus taking n — )■ oo in fl3.22p proves fl3.19p . 

For the final claim, suppose that Wi G L°°(T'^), i = 1, 2, 3, are arbitrary. For each Wi, we 
can choose a representative such that < ||wj||oo for every k. Then Lusin's theorem 

implies that there are sequences fj_„ G C(T'^) such that |fj^„| < ||wi||oo and Vi^nik) — )■ Wiik) 
almost everywhere. By dominated convergence, then fj „ — )■ w-i in L^. Thus we can define 
Cq[w] G L°°(T°'), w = {wi,W2,W3), by using the sequences (fi,„) in the above. Suppose 
is some other sequence as in the Lemma, and let Cq denote the corresponding limit. By 
fl3.19p . then ||Co — Co[w]||l2 = 0, and hence Co(/c) = Co[w]{k) almost everywhere. Therefore, 
Co[w] does not depend on the choice of the approximating sequence. In particular, then for 
continuous functions fl3.20p holds, and proving linearity and commutation with conjugation 
is straightforward. This finishes the proof of the Lemma. □ 

Corollary 3.4 Assume that u satisfies (DI{JD and (DI{^ and define Cq as in Lemma \3. 3[ 
For any W G Lj^rm ^'^^ ^ 2} we define Cdiss[W]ii' G L°°(T'^) by using linearity and 
Cq: we set 



- W^,, [5,^MWun^ ^nh^'^rA ' ^urfiA'^nn. '^hn^'^io^\ , (3-23) 

where 5ab '■= l(a = b) denotes the Kronecker delta. Collecting the components defines a 
matrix function Cdiss[W] : Lj^rm ~^ -^h ■^'"'^^ ^^^^ Cdiss[W] = — Cdiss[W^]- If W G Xh, then 
Cdiss[W^] £ and U.3\} holds pointwise. In addition, there is a constant C , which depends 
only on u, such that for all W, W G Lj^rm' 

||Cdiss[W^]||oo<C, (3.24) 
||Cdiss[H^] - Cdiss[W^']||2 < C\\W' - Wh . (3.25) 

Proof: If M is a matrix such that < M < 1, then |Mjj| < 1 for all indices i,j. Since then 
< 1 - M < 1, we^also have \Mij\ < 1. Therefore, ii W e Ll^^, then W G and 
||M^jj||oo < 1 and ||lVjj||oo < 1 for all indices i,j. Let cq denote a constant for which the 
bounds f l3.18p and fl3.19p in Lemma 13.31 hold. We can conclude that all of the above Co- 
terms are well defined and each has an L°°-norm bounded by Cq. Multiplying this with Wij 
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or Wij does not increase the bound, and thus we can conclude that ||Cdiss[W^]M'IU°° — 647rco. 
Also, it is obvious from the definition that Cdiss[M^]ii' = Cdiss[W^]j'i and hence we have proven 
that Cdiss[W^] G and it satisfies f l3.24p . The property Cdiss[W^] = — Cdiss[W^] is also an 
immediate consequence of the definition f l3.23p . 

If G Xh, then each of its component functions is continuous, and then by Lemma 
13.31 each action of Cq in fl3.23l) is given by an integral over the same Borel measure i/fc^(d^fc') 
and the resulting functions are continuous in ki. Then the sums can be collected inside the 
integral, and the integrand expressed in terms of matrix products. After some algebra, this 
proves that then (11. 3p holds for every ki. Therefore, Cdiss[W^](^) is everywhere a Hermitian 
matrix, and we can conclude that also Cdiss[W^] ^ -^h- 

To prove (K2^ . assume that W, W G Ll^^ are given. Then ||Cdiss[W^] - Cdiss[M^'] 111 = 
Eii' l|Cdiss[Vr]n' - C^iss[W%,\\l,. By dsn and ||Cdi..[W^]..' - C^UWhWi^ can be 

bounded by GAir x 4co\\W' - W^. Hence \\Cdiss[W] - Cdiss[W']\\2 < 8^7tco\\W' - W^. This 
concludes the proof of the corollary. □ 



We will later also need another consequence of Proposition 13.11 the level sets of Q have 
then Lebesgue measure zero. Note that this is not true in general without assumption 
(DR[2]), even for smooth dispersion relations. Consider for instance u which coincides with 
a linear map in some neighborhood of 0: then we have = in some sufficiently small 
ball around zero. 

Corollary 3.5 Assume that u : T'^ —> M. is continuous and satisfies (DI{^, consider 
a fixed a G { — 1, 1}^, and define Vt as in 112. 2^) . Then for any a G M the set Sa '■ = 

|A; G (T'^)^ ^l{k,a) = aj is compact and d^/c = 0. 

Proof: Fix a G M, and denote cq := d'^A;. By continuity of Q, Sa is compact, and hence 
Borel measurable. By Fubini's theorem. 



dki 



dA;2dA;3 



(Td)2 TT e"^ + {'[l{k,a) - ay 

d^k e f d^k e Cn , , 

> / — . . . ^ = , (3-26) 



(T^)3 vr e^ + {^n{k,a)-ay ~ Js^ ^ + {n{k, a) - af ne 



for any e > 0. However, Proposition 13.11 implies that the left hand side converges to a 
finite value as e — )■ O"*", which is possible only if cq = 0. □ 



4 The regularized initial value problem 

In this section, we investigate the solutions to the regularized evolution equation. These 
solutions will provide a sequence of approximations used in the proof of the main theorem. 
The goal is to prove that the regularized problem is well-posed and preserves continuity in 
k] in fact, this can be proven even without the assumption (DR[5]). 
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The regularization is defined by choosing an arbitrary e > 0, and setting C'^[Vr] : = 
Cdiss[W] + CI^JW] where C'^.JW] := -i[Hlf,[WlW] and Hls[W]ih) is defined using the 
integral in f l2.1ip . By Corollary 13 ■4[ for a given W G also Cdiss[W^] G -'^h and it satisfies 
(11. 3p . It is also straightforward to check that if|ff[iy] G for any W G Xh, and hence 
also C^ons[^] ^ ^H- Therefore, the regularized collision operator is a well-defined map 
from X]H to itself and we can hope to solve the regularized evolution problem in the space 
In fact, we can show that not only is the regularized problem with fermionic initial 
data well-posed, but it also preserves the Fermi property and the conservation laws. 

Theorem 4.1 Suppose u satisfies (DI{J^ and (DI{^. IfWo G Xf^rm and e > 0, then there 
is a unique W G C ^^\[0, oo), Xferm) such that W{0,k) = Wo{k) for every k, and for all 
t > and every k G T'^, 

dtWtik) = Cdiss[Wt]{k) - i[H'^s[Wt]{k),Wt{k)] , (4.1) 

where Wt{k) := W{t,k). In addition, Wt depends continuously on Wq on any compact 
interval of [0, oo), and the solution conserves total energy and spin: equalities l\2.14\ l ^'^^ 



/ fra) hold for allt>0. 

Moreover, to every G T'^ and < s < t we can then attach a unitary matrix Ufg{k; Wq) 
such that Ult{k; Wq) = 1 and for which the map s f-> Uls{k; Wq) belongs to C(^)([0, t], C^""^) 
with 

dsUlik- W,) = iUlik- W,)Hl^[Ws\{k) . (4.2) 

Then also 

Wt{k) = Ul^{k-Wo)Wo{k)Ul^{k-Wor + fdsUl^{k-,Wo)CdUWsmUl^{k-,Woy. (4.3) 

Jo 

Proof: Suppose u satisfies (DR[1]) and (DR[2]), and consider a fixed e > 0. As explained 
above, then for any W G X^, both Cdiss[W^] and are defined directly as integrals over 

the appropriate measures, and we can use matrix-algebraic manipulations in the integrands 
to simplify the formulae. First, we observe that in both cases the highest order monomial 
terms cancel out inside the integrand. For H^^, we can so find the following alternative, 
slightly less symmetric but shorter, expression 

mmih) = \l dk,dk,dk,5{k) -f^^ 

{j[Wi - W2]W^ + W:iJ[Wi - W2] + J[W2Wi + WiW2]) . (4.4) 



X 



Furthermore, we can now split the dissipative part into sum of a "gain" and a "loss" term. 
Defining 



g[W]{ki) := TT / dk2dk^dki5{k)5{uj) [W^J[W2Wi] + J[WiW2]W:i) , (4.5) 
V\W]{ki):='K f dk2dk^dki5{k)5{u){j[WiW2]W^ + J[WiW2]W^ , (4.6) 
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allows to rewrite f ll.3p as 



Cdiss[l^](A;i) = g[W]{h)-V[W]{h)W{h) - W{h)V[W]{hy. (4.7) 

Here the first term is called the gain term and the rest, the loss term. 

As mentioned in the beginning of this section, under the present assumptions, maps 
X]H into itself. There is also an additional symmetry: if is a solution to dtWt = C^lWt] 
with initial data Wq, then W is also a solution, with initial data Wq. To see this, note 
that then dtWt = —C^[Wt] where —C^lWt] = C^lWt], as can be seen by using the property 
(W)~ = W in the integral representations (II. 3p and in (12. lip : this shows that Cdiss[W^] = 
-C^issiW] and Hls[W] = H'^^l^], and hence also that Q^^Jl^] = -C'cons[W]. 

In the proof of the Proposition we follow the strategy used by Dolbeault in albeit 
with a somewhat different truncation procedure. We begin by introducing a truncation to 
the collision operator which will be employed to ensure the existence of global solutions. 
For this, we first set 

{0, ifx<0, 
X, if < X < 1 , (4.8) 
1, ifx>l. 

For any Hermitian matrix M, we then define a positive matrix $[M] via symbolic cal- 
culus. Explicitly, let Aj G ct(M), with i counting the eigenvalues, and denote by Pj the 
corresponding spectral projection operators (which have a two-dimensional range, in case 
of a degenerate eigenvalue). Then M = Ylii^i^i the spectral decomposition of M and 
we define 

$[M] ■.= Y,^{>^i)P^■ (4.9) 

i 

This results in a Lipschitz map, as the following Lemma shows. 

Lemma 4.2 There is a constant C >0 such that ||$[M'] - $[M]|| < C\\M' - M\\ for all 
M,M' G C^""^ which are Hermitian. In addition, then 1-<I>[M] = ^1-M], < <1>[M] < 1 
and $[M] =MifO<M<l. 

Proof: We first observe that $ satisfies 

$(a;) = ^(1 + |x| - |1 -x|) , xeR. (4.10) 

Let \M\ denote the absolute value of a matrix M, defined by \M\ := (M*M)3. Using the 
above spectral decomposition of M, we find that \M\ = J2i l-^il-Pj; and hence by (I4.10p 

$[M] = ^(1 + |M| - |1-M|). (4.11) 
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The map M — )■ \M\ is Lipschitz continuous in the Hilbert-Schmidt norm (this is proven, 
for instance, in [14l Theorem 1]). Hence fl4.1ip imphes that M i— >■ $[M] is also Lipschitz 
continuous, and there is a pure constant C such that ||$[M'] — $[M]|| < C||M' — M|| for 
all M, M'. 

By fl4.10p . clearly $(1 - x) = 1 - $(x) for all a; G M. Since we have Y^i^i = ^ ^^e 
spectral decomposition, it follows that 1 — <I>[M] = <I>[1 — M]. The other properties of $[M] 
listed in the Lemma are obvious consequences of the definition fl4.9l) . □ 

As the first step in the proof, we will show that for any wq G X-^ there is a unique global 
solution w G C^^^([0, cxd),X]h) which solves the partially truncated evolution equation 

dtWt{k) = CtAwm , CtAw] := C^issA^] + C,^ons,trM , (4-12) 

where 

Cdis.,trM(^) := smw]]{k) -vmw]]ik)w{k) - w{k)vmw]]ikr , (4.13) 

CLns,tAw]ik) := -i[H^,smwm,wik)] . (4.14) 

To prove this, we rely on the standard fixed point methods in the Banach spaces Y^g : = 
C([0, to], -^h), ^0 > 0, equipped with the norms ||w||y := sup^;. |wt(fc)| = sup^ W^tW- Given 
Wo G Xh we define for all w e Yt^, k e T'^, < t < to, 

T[w]t{k) := Wo{k) + [ dsCtAwsKk) . (4.15) 

Jo 

We begin by proving that for any Wq G X^, there is a non- increasing function 6*0(11^^011) > 
such that T is a contractive mapping on the closed ball B{Wq, 1) of Yg^, where with a slight 
abuse of notation we have denoted by Wq also its time-constant extension, i.e., the function 
F G Ye, for which Ft{k) := Wo{k) for all t, k. 

Suppose w G Xe and A; G T'' are arbitrary. Since \\J[M]\\ < \\M\\ for any M G C^''^ 
we have J[w2W3] || < 11^*=! II""^*!! ^^Y choice of Wi G C^^^, i = 1,2,3. Together with 
Proposition 13.11 this implies that there is a constant Cq, depending only on u, such that 

\\g[w]{k)l \\V[w]{k)\\ < Coil + \\w\\f . (4.16) 

Therefore, ||Cdiss,trM(^)ll < <^o(l + ll'^'MII)^(l + 2||w(A;)||), and since ||$HII < 2, we can 
find a constant Ci, also depending only on u, such that 

||Cdiss,trHWII <Ci(l + |k(A;)||). (4.17) 

Similarly, we obtain that there is a constant C|, depending only on e and u, such that 
ll^lfr[*M](^)ll < CI/2, and hence ||Qon,,.M(^)ll < Cl\\wik)\\. Thus 

||C,^,H(^)ll<^(l + im^)ll), (4.18) 
where R := Ci + depends only on e and u. 



19 



Suppose w G Xe. By itemlHof Proposition 13 -H then both Q[w] and V[w\ are continuous 
functions in k. On the other hand, for instance by using dominated convergence, we find 
that also k i— )■ if|ff[w](/c) is continuous. By Lemma [4.2[ the map M i— )■ $[M] is continuous 
in the matrix norm, and thus we can conclude that for any w G we have Cfjw] G Xh 
with 



\ciM\\<R{^ + M 



(4.19) 



Note that ^[$[i/7]](/c) and if|g[$[w]](A;) are clearly Hermitian for w G X^, k G T'^, and 
thus so is Qj.[w](/c). 

Let us next consider the continuity properties of the map w i— )■ Cl^[w] in X^. The 
following Lemma generalizing a result of Seller and Simon [15] will become useful for this 
purpose. The corresponding statement and a proof for scalar valued functions is given in 
[TB| Theorem 4.1]. In fact, the proof carries over verbatim for matrix valued functions, as 
soon as one understand all integrals as "vector valued" in the sense of used in topological 
vector spaces The full proof is included here mainly for the sake of completeness. 

Lemma 4.3 (Lipschitz bounds) Let f he a complex matrix valued function defined on 
complex normed linear space Af. Suppose that 

1. the function A i— ?■ f{A + \B) is an entire matrix function for all A, B in M , and 

2. there is monotone non- decreasing function g on [0, oo) such that for all A G N , 

\\fm<g{\\A\\M)- (4-20) 

Then for all A, B in M , 



\\f{A) - f{B)\\ <\\A- B\Ug{\\A\\^ + \\B\U + 1) • 



(4.21) 



Proof: Let h{\) := f{\{A + B) 
function and 

\\f{A)-fm\ 



\{A — B)). By assumption, then h is an entire matrix 



Mi 



h 



< 



sup 



w 



(4.22) 



By assumption, the matrix valued map h is holomorphic on C. From the Cauchy contour 
integral formula (see for instance the proof of Theorem 3.31 in [TB] for details) we get for 



p > and -i < t < i 



1 

2^ 



h{s + t) 



ds 



\s\=p 

Therefore, for any p > 0, 



< - sup \\h{s + t)\\ < - sup \\h{\)\\ 

P \s\=P P |A|<p+i 



(4.23) 



\\f{A)-f{B)\\<- sup ||MA)|| 

P |A|<P+i 



(4.24) 
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li A = B, then fl4.2ip obviously holds. Assume thus A ^ B, and set p := ||A — _B||_^^. 
Then for any | A | < p + | we have 



-(A + B) + \iA-B) 



<-[\\A + B\\j^+\\A-B\\^) + p\\A-B\\j^ 



< 



+ \\B\\j^ + l. 



Hence, if |A| < p + ^, then by the second assumption we can estimate 



IIMA)|| 



f[-[A + B) + X{A-B) 



<9 



{A + B) + X{A-B) 



(4.25) 



(4.26) 



where, by the monotonicity of g, the right hand side is bounded by 5f(||A||^ + + 1). 

Therefore, (14.241) implies now that also for A ^ B (14.211) holds. □ 

Consider then some k G T'^. Since ||^[u'](A;) || < Co(l + ||w||)^, the map w i— )■ Q[w]{k) 
satisfies the condition^ of the Lemma with g{x) := Co(l + x)^. Hence, for all w,w' G Xh 
and any G T'' we have ||^[w'](A;) — ^[w](A;)|| < — w||Co(||w'|| + +2)'^. Therefore, 
by Lemma |4.2[ there is a constant Cq, which depends only on u, such that — 
g[<i>[w]]\\ < Cq\\w' — w\\. Thus w H-> is a Lipschitz map on X^. Completely 

analogous reasoning shows that also w h-> 'D[<1)[w]] and w i— )■ if|fj[$[iy]] are Lipschitz maps 
Xe — ^ C(T'^, C^^^), with Lipschitz constants which depend only on to and e. Therefore, 
using also the earlier derived uniform bounds, we can conclude that there is a constant R', 
which depends only on u and e, such that 



K[^']-CtAw]\\<R'il + \\w\\ + \\w'\ 



\w — w\ 



w, w' G X 



(4.27) 



Consider then an arbitrary > 0. If G Yf^, then dominated convergence and the 
above bounds imply that the function T[w] defined by fl4.15p is continuous, both in t and 
in k, and T[w]((A;) is always Hermitian and satisfies the bound 



(4.28) 



\\T[wUk) - Wo{k)\\ < R fds (1 + \\ws\\) , weYt,. 

Jo 

In addition, by fl4.27p for any w', w EYt^, 

\\T[w']t{k) - T[w]tik)\\ < tR!{l + \\w\\y +\\w'\\y)\\w' -w\\y , t G [0,to], A; G 

(4.29) 

Set ^o(llW^oll) := C2/(l + ||Wo||) where Ca := min((8i?')~\ (2i?)~^) depends only on u and 
e, and thus 6^0 is a non-increasing function of \\Wq\\ with 6q > Q for all \\Wq\\ < oo. Then, 
if to < Oo, the above estimates imply \\T[w] - Wo\\y < 1 and \\T[w']t{k) - T[w]tik)\\Y < 



^In principle, we have defined the map only in the real Banach space X-m- However, it is obvious that 
the defining integral can also be applied in the complex Banach space C(T'^,C^^^) and that none of the 
bounds used the fact that w{k) is Hermitian. 
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\\w' — w||y/2 whenever w',w G Ff,, satisfy \\w' — WqWy, \\w — WqWy < 1- This proves the 
earher claim that for any < to ^ the map T is a contraction from the closed ball 
B{Wo, 1) into itself. Thus we can conclude from the Banach fixed point theorem that for 
any Wq G Xh there is a unique w G B{Wo, 1) C Igo, ^^o = 6'o(||PVo||) > 0, for which 

wt{k) = Wo{k) + [ dsC4K](A;) , < t < ^o, A; G T"' . (4.30) 
Jo 

Fix then Wq G Xh and consider the collection of solutions to (14. 30 p . i.e., the set of 
(to, w), with to > 0, w E Ytg, such that (14.301) holds for < t < to- By the above result we 
know that this set is not empty, and extension of functions clearly defines a partial order 
on it. By Hausdorff 's maximality principle, there is a maximal totally ordered subset. Let 
To denote the supremum of the to in this set, and define Wt{k) for < t < Tq, k E T*^, by 
a choosing a function from the set with to > t (such a to must exist and the value of Wt{k) 
does not depend on the choice since the set is totally ordered). Then w G C([0, To), Xh), 
and it is a maximal solution to (I4.30p for < t < To. Now (I4.19P and (14.301) imply 

\\wt{k)\\ < \\Wo\\ + [ ds R{1 + \\ws\\) , 0<t<To, A; G (4.31) 
Jo 

The map s \\ws\\ is continuous, and thus Gronwall's lemma can be applied on the 
time-interval [0,t]. This allows to conclude that 

\\wt\\ < {\\Wo\\ + Rt)e^\ 0<t<To. (4.32) 

If we suppose that Tq < oo, this would imply that < c := (||Wo|| + RTo)e^^° for all 
< t < Tq. However, if we then apply the fixed point result to initial data wto-6Io(c)/2 we 
obtain an extension up to times Tq + 6q{c)/2. This contradicts the maximality of w, and 
hence necessarily Tq = oo. 

We have now proven that for any Wq G X^ there is w G C([0, oo), X^) which sat- 
isfies (I4.30p for all t, fc. Since Cl^[wt\{k) is continuous, this directly implies that w G 
C(^)([0, oo),Xh) with dtWt = QJwj, for all t > 0, and that Wt ^ Wq as t ^ 0+. Thus it 
provides a global solution to the truncated Cauchy problem. Suppose v is another global 
solution corresponding to some initial data Vq G Xh. Then it also satisfies (I4.30p for all 
t, k and hence also (I4.32p . Therefore, by (I4.27P 



\\vt{k)-wt{k)\\<\\Vo-Wo\\+ [ ds\\CtAvs]-CtAws]\\ 

Jo 

<\\Vo- WoW + ^'(1 + \\Vo\\ + \\Wo\\ + 2i?t)e^* / ds \\vs - 

Jo 



(4.33) 



for all t > and k G T''. Thus Gronwall's lemma implies that, if t G [0,to], with to > 
arbitrary, then 



\Vt 



WtW < \\Vo - H/o||e*««'(i+ll^oll+ll^o||+2rao) _ (4^34) 
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This shows that the global solution is unique, and also proves that it depends continuously 
on the initial data. 

We have now proven that the truncated problem fl4.12p is well-posed for any initial 
data Wq G Xh- Our next goal is to show that such solutions preserve the Fermi property, 
i.e., to show that if Wq G Xferm, then the corresponding solution w satisfies Wt G Xferm 
for all t > 0. Suppose this is the case. Then = Wt, and thus Cfjti^t] = C^[w^t] for all 

t. It follows that then w G C''^^([0, oo), Xfcrm), = Wq, and dtWt = C^[wt] for all t > 0; 
therefore, choosing W = w yields a solution satisfying the conditions of the Theorem. It 
is also the only such function: for any W as in the Theorem, we have Wt G Xferm implying 
= Cfjl^t], and thus W then is a solution to the truncated problem, hence equal to 
w. Finally, fl4.34p then immediately implies that the unique solution depends continuously 
on the initial data. 

Therefore, to complete the proof of the first part of the Theorem we only need to 
show that the above solutions preserve the Fermi property and the conservation laws. In 
fact, for the Fermi property it suffices to show that the solutions preserve positivity in the 
matrix sense. Indeed, suppose that we have proven that for every Wq G with Wq > 
necessarily Wt > for all t. We will soon show that also the truncated problem preserves 
the W ^ W symmetry, i.e., we will show that if w is a solution to dtWt = QJtft] with 
initial data Wq, then w is a solution with initial data Wq. If Wq G Xferm, we have Wq > 
and Wq > 0, and as positivity of solutions is preserved, we can then conclude that Wt >0 
and Wt > 0, and thus < Wt < I. 

To prove the symmetry statement suppose Wq G X^ and let w denote the corresponding 
solution. Then dtWt = —C^^[wt], and since Wq = Wq it suffices to show that C^j.[v] = 
—C^j.[v] for all V G Xh. For this, first note that by Lemma l4.2[ we have always $[?)] = 
Hence, by the earlier discussion C^[$[-u]] = -C^[$[f]] and = if|g[<l>[f]]. 

Therefore, now C^onstrl^] = ~^constrM ^Iso = ©[^ff]], since it is obvious from 

the definition (14.61) that V[W] = V[W]. Employing the above equalities shows that 



However, for any W G X^, we find directly from the definitions (14. 5 p and (14. 6 p that 



Thus (I4.35P implies QJ-D] = — and proves the stated preservation of the W ^ W 
symmetry. 

Therefore, to prove the preservation of the Fermi property, we now only need to show 
that the solutions preserve positivity. The key ingredient in this proof is Lemma IT5| which 



ctAv] + ctAv] = g[i- m + gmv]] - vim - vMv]]* . 



(4.35) 



g[w]{h) + g[w]{h) 




X [W3J[W2W^] + J[WM2]W3 + W3J[W2Wi] + J[WiW2]W3 

v[w]{k,)+v[w]{k,r. 



(4.36) 
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implies that the truncated gain term is always a nonnegative matrix. Its proof will rely on 
the following matrix in equality. 

Lemma 4.4 For any n x n matrices A, B,C > 0, n > 1, we have 

AJ[BC] + CJ[BA] > and J[AB]C + J[CB]A > . (4.37) 

Proof: By expanding the definition of J, we find that AJ[BC] + CJ[BA] = Atr{BC) + 
C tT{AB) — ABC — CBA. To prove that this is nonnegative, choose a complete set of 
eigenvectors for each Hermitian matrix: let (a^, ai)j=i,...,„ be an eigensystem for A, {bi,(3i)i 
for B, and (ci,7i)i for C. Then for any ip G C", by selecting suitable bases to express the 
matrix products and to compute the traces, we obtain 

{iP, {AtT{BC) + CtT{AB) - ABC - CBA)^) 

= ^ aibjCk{{i>,ai){ai,'ilj){l3j,-fk){-fk,Pj) + (^, 7^) (7fc, V") (/^i, 

i,j,k=l,...,n 

- {^Ij,ai){ai,l3j){l3j,-fk){lk,^) - {^,lk){lk, I3j){l3j,ai){ai,ilj)) 

El 1 2 

aibjCk\{i^,ai){f3j,-fk) - {i',lk){f3j,(yi)\ >0, (4.38) 

since, by assumption, ai,bi,Ci > 0. This implies that the matrix is non-negative. Taking 
an adjoint proves then that also J[AB]C + J[CB]A > 0. □ 

Lemma 4.5 IfWe Xj^rm, then g[W]{k) > for all k. Therefore, gmw]]{k) > for all 
k and W G X^. 

Proof: It follows directly from its definition in Proposition 13.11 that the measure z^^^ is 
invariant under the exchange k^ ■H- k^. To see this, one can change the integration variable 
^3 to ^4 := ki + k2 — ks in (13. 2 p and note that fi((fci, k2, fci + ^2 — /C4), (1, 1, —1, —1)) = 
fl{{ki, k2, /C4), (1, 1, —1, —I))- Using this symmetry in the definition (I4.5|l shows that 

g[W]{ki) = - [ dk2dk3dk^S{k)S{ui) 

X (WsJ[W2W4] + J[W4W2]W3 + W4J[W2W3] + J[1^3W^2] ^^4) • (4.39) 

If W E Xferm, then W2, W3, Wi > inside the integrand above. Therefore, we can apply 
Lemma 14.41 and conclude that the integrand is pointwise a positive matrix. This directly 
implies that ^[W^](fci) > 0, since then for any G clearly (■?/', ^[iy]( fci )■?/') > 0. 

If ly G Xh, then ^\W] G Xferm, and thus the second statement is a corollary of the 
first one. □ 

With the above preparations, we are now ready to prove the preservation of positivity. 
Fix thus some Wq G X^ with Wq > and let w denote the corresponding global solution 
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to the truncated problem. Set ht{k) := H^Q[^[wt]]{k) . Then each ht{k) is a Hermitian 
matrix, and since the map t ^-> ht{k) is also norm continuous for each k, the standard 
Dyson expansion techniques (see, e.g., [TTl Theorem X.69] and take an adjoint of the 
result) imply that for any k E T'^ and s, t, with < s < t, we can find a unitary matrix 
Ut^sik) such that Ut^t{k) = 1, the map s (-> ut^s{k) belongs to C'^^^([0, t], C^^^), and 

dsUtM = mt,s{k)hs{k) . (4.40) 

Given matrices Ut^s{k) as above, let us define 

vt,s{k) := ut,s{k)ws{k)ut,s{ky , ^<s<t,keT^. (4.41) 

By fHl2D and flOTj) then for any t > and < s < t 

dsVt,s{k) = Ut,s{k) {ihs{k)ws{k) + dsWs{k) - iWs{k)hs{k)) Ut,s{k)* 

= Ut,s{k)Cdiss,tr[^s]{k)ut,s{ky 

= gUk) - bt,sik)vt,sik) - vt,s{k)hs{ky ■ (4.42) 

where on the last step we have used the unitarity of Ut^sik) and introduced the shorthand 
notations 

gt,s{k) ■■= Ut,s{k)GmWs]]{k)uUkr , (4.43) 
hUk) ■■= Ut,sik)VmwMk)ut,sikr ■ (4.44) 

By Lemma [4.5[ here gt,s{k) > 0. Fix for the moment t > and k G T'^. Since the map 
s ^-> bt^sik) belongs to' C([0, t], C^''^), there is is unique solution F e C(^)([0, t], C^''^), 
< s < t, to the matrix equation dsF{s) = —F{s)bt^t-s{k), with initial data F{0) = 1. 
(The solution can be obtained by a time-ordered exponential, similarly to Ut,s{k)', more 
details about matrix equations of this type can be found for instance in [H].) Then 
dsF{s)* = -bt,t-3ik)*F{s)* and Km implies that 

ds{F{t - s)vt,s{k)F{t - s)*) = F{t - s)gt,s{k)F{t - s)* . (4.45) 

Since Vt^tik) = Wtik) and Vtflik) = Utfi{k)wo{k)utfi{ky , we find that 

wt{k) = {F{t)ut^o{k))Wo{k){F{t)ut,o{k)y + [ ds F{t - s)gt^,{k)F{t - s)* . (4.46) 

As mentioned above, here gt,s{k) > for all s and, since by assumption Wo(^) ^ 0, the 
above formula shows that Wt{k) > 0. Since t and k were arbitrary, we can conclude that 
w >0 iiWo>0. 

This shows that the truncated time-evolution preserves positivity which was the missing 
part from the well-posedness result. Therefore, we can now also conclude that, if Wq G 
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Xferm, theii Wt G Xfcrm ^OT all t, and Wt := Wt provides a solution to the original evolution 
equation. Integrating ( I4.42p over s then yields 



Wtik) = ut,oik)Woik)ut,oiky + [ ds Mt,,(A;)Cdiss,tr[l^.](A:)Mt,,(A;)* . (4.47) 



Jo 



Since ^Ws] = W^, here Cdiss,tr[W^s](/c) = Cdiss[Ws]{k) , and Ut^s{k) satisfies Ut^t{k) = 1 and 
dsUt^s{k) = iut^s{k)H^Q[Ws]{k). Therefore, the second paragraph of the Theorem holds with 
the choice U^^^k; Wq) := Ut^s{k). 

It only remains to prove that the above solution also preserves energy and spin. For 
this, consider some Wq G Xferm, and let w denote the corresponding solution satisfying 
dtWt{ki) = C^[wt\{ki) for all t > 0, fci G T'^. Then Wtik) satisfies flCT]) for all t, k and this, 
together with the uniform bounds in f l4.19p . allows using Fubini's theorem in the definitions 
of the conserved quantities. Therefore, it is sufficient to check that for all W G Xferm 



Let us begin with the first, scalar valued case, implying conservation of energy. First, 
by cychcity of trace, trC^[iy](A;i) = tr Cdiss[W^](fci)- Since W is continuous, we can evaluate 
the integral over z/^^ by using the formula (13.21) where, to avoid confusion, let us denote the 
new regularizing variable by instead of e. As shown in the proof of Proposition 13. ![ the 
resulting integral is uniformly bounded in ki and Eq, hence dominated convergence can be 
applied to prove that J^ddki oj{ki) tr C^[iy](/ci) is equal to the Eq — )■ 0"^ limit of the integral 



X tr (WiWsJimWil + J[W4W2]W^Wi - WiW^J[W2Wi] - J[W^W2]W^Wi) . (4.49) 



The trace-factor on the second line changes sign if we relabel the integration variables by 
ki fcs and ^2 ^ k^, and it is invariant under the relabelling fci ^2, ^3 ^ ^4; these 
properties can be proven by using the cyclicity of the trace and the definition of J in (II. 6p . 
As both relabellings leave |a;| and \k\ invariant, by first taking the average over the first 
swap and then the average of performing the second swap to the result, we find that the 
value of (I4.49P does not change if we replace the factor ui by (wi — + ijJ2 — W4) /4 = Ci;/4 
there. However, then we can retrace the steps above, and produce an integral over i/^^ 
which contains a factor u. By item |3] in Proposition 13. the value of such an integral is 
zero. Hence we have shown that the first equality in (I4.48P holds. 

Let us then consider the second, matrix equality, in (14. 48 p . We use the split = 
Cdiss + Qons show independently that both of the resulting two terms are zero. It is 
easier to check the conservative term using the following integral representation, analogous 




(4.48) 
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to the dissipative term: 



dk2dk3dk4 S{k)- 



X (WiW3J[W2W4] - J[WiW2]W^Wi - WiW^J[W2Wi] + J[W4W2]W^Wi 



- [ dk2dk3dk^ S(k) , (W3W2W4 - W4W2WZ 

+ / dfc2dfc3dfc4^(fc) „~ , 

J(Td)3 Ci^2 + 



= [Hl^[W]{k,),W{k,)] 

= iQons[W^](fci), (4.50) 

where in the second equahty we have used the definition (12.111) and the property that any 
term, whose integrand is antisymmetric under the swap k^ ^ k^, evaluates to zero. Then 
we integrate the equahty over ki, use Fubini's theorem, and take an average over the result 
from the swap ki ^ k^, k2 A;4, yielding 



i / dk,C!,jW]ik,) 
J J'' 

X (WiW3J[W2W4] - J[W4W2]W3Wi - WiW3J[W2W4\ + J[W^W2]W3Wi 

- W3WiJ[W4W2\ + J[W2Wi]WiW3 + W3WiJ[WiW2] - J[W2Wi]WiW^ . (4.51) 

If we expand the definitions of J in the integrand, all terms containing a trace cancel 
out. The remaining integrand is antisymmetric under the swap ki -ir^ k2, k^ ^ k^, hence 
evaluates to zero. 

We have thus proven that Jj^dki C^ons[^](^i) = 0- The proof of Jj^dki Qiss[W^](^i) = 
follows by first expressing the integral as a limit of terms analogous to (I4.49P and then 
performing the swaps as in (I4.5ip : we skip the details of the computation here. This 
concludes the proof of the conservation laws, and thus also of the Theorem. □ 

5 L^-continuity of the collision operator 

In this section, we consider the regularized effective Hamiltonian starting from (14. 4p . 

^cfr[W"](^i) = 11 dk2dk3dki 5{k) „- , (2 ti{W2Wi + WiW2)l 
2 J(jd^3 ui + \ 

+ 2 iiiWi - W2)W3 + {W2 - Wi)W3 + W3{W2 - Wi) - W2Wi - WiW-^ , (5.1) 
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where w := ^(^1) + ^(^2) — i^(^3) — ^(^4). By suitably integrating out the convolution 
^-function (i.e., by a suitable change of integration variables) we can write its components 
as a finite sum of integrals of the same form. Explicitly, define for ki, k[, k'2 G T*^, 

:= (1, -1, -1, 1) , := {k,, k[-k',- k^, k[, -k',) , (5.2) 

al^' := (1,1,-1,-1), k\^ ■.= {k^,k[,k^ + k[-k'^,k'^), (5.3) 
:= (1,1,-1,-1), k\* ■={ki,k[,k'^,k, + k[-k'^), (5.4) 

and recall the definition of Q{k; a) in (12.21) . Then, after performing the change of variables 
as listed in the definition of we find that uj_ — )■ fi((cr2 fci, k[, k'2); a'*) inside the integrand 
for all i = 2,3,4, using the refiection invariance of u. This shows that any component of 
H^Q[W]{ki) is a linear combination, with coefficients ±|, of a finite number of terms of the 
form 

Il[f,g]{k',;a):= [ dk[dk', f{k[)g{k'2)^-^ (5.5) 

where VL = f2((fcg, fc^, /cg); cr) and in each term f{k) := W{k)ij, for some indices and 
g is one of the following three choices: g = 1, g{k) = W{k)i/jr, or g{k) = W{—k)i/jr, for 
some indices In addition, for each term there is an i G {2, 3, 4} such that a = a'* and 
k'o = £72^1. Therefore, for each of the terms, g]\\2 is equal to the L^-norm of the term 

(taken over ki), and both of the functions f,g belong to L'^{T'^). 

The following results show that the assumptions (DR[T])-(DR[2]) suffice to make also 
the full collision operator "nicely" continuous in L^-norm. For this, we also consider the 
following approximate collision integrals with possibly discontinuous input, 

I^[f,g]{k',;a):= [ dk'.dk'^ f{k[)g{k',)^-^ (5.6) 

Proposition 5.1 Assume that u satisfies (DI{I\)-(DI^, and a G { — 1,1}'^ is given. Then 
for any f,g e L°^(T"') there are X^,!? G L'^iT'^) such that I^[f,g] J^, Xl[f,g] 
Iq in L'^-norm as e — > 0"^. For both j = 0,1 and all e > 0, X| is independent of the 
choice of representatives of f,g, and ||X|||i2 < C||/||i^2 ||(7||ioo with C := \Cg^'^ . There 
is also a continuous function u : [0, 00) — )■ M+ with u(0) = such that ||X^, — Xi\\i,2 < 
u{ms.^{e\e))\\f\\LA\g\\L^ for every e',e> 0, f,g G L^iT^), 3 = 0,1. 
In addition, G L~(T'^) with \\ 

^o\\oo ^ 7r||o"coii("! 0; o") ||oo||/||oo||fi'||ooj ond using the 
shorthand Cl{kQ, k[, k'2) '■= ^((^o? ^'15 ^2)? 

L^-hm / dfc^dfc- ^ "h ik'MK) = Xo^(-) • (5.7) 

J(Td)2 U[- , k'^, k'2) 

Suppose that f^^ge G L'^iT^), < e < 1, are such that m : — sup^ max(||/£||oo) Hfi'sHoo) ^ 
00, and fe-^fjde^g iiT' L'^-norm as e ^ 0+. Then f,g E and \\Il[f,g] — 
^i[fe,9e]\\L^ < Cg^^fiWf - feWi^ + \\g - geh^) for 8 > and j = 0, 1. In particular, 
^[fe,9e] ^Io[f,9] andl^[f„g,] ^I^[f,g] m L^-norm as e ^ 0+ . 
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The key result connecting the hmits to the assumption (DR[5]) is given by the following 
Lemma. 

Lemma 5.2 Assume that u is continuous and satisfies (DI{^, and a G { — 1, 1}^, 
L°°(T'^) are given. Suppose : M — )• C are such that E n L°° and (p{x) = 
J^ds (p{s)e^'^^ for all x G M. Define for ki G T'^ 

X[f,g]{ki):= [ dk2dksf{k2)g{k,Mn{k;a)). (5.8) 

ThenX[f,g] is independent of the choice of the representatives for f, g and ||X[/, ^f] 11^2 < 
CoWfWMlL- yj^th C', := /i,4d.nti m{-iy-'s.)\ \g{s;a)\ < MlCg < oo. 

Proof: Let us drop a from the notation, and denote Cl{k) := Q{k; a). It follows from the 
assumptions that is continuous, and thus the integral in the definition of X[/, g] is always 
convergent, and its value remains invariant if / and g are changed in a set of Lebesgue 
measure zero. We use Fubini's theorem to integrate over k^ first, which shows that 

mf,9]\\h<\\9\\lo [ dkJf dk, [ dk^fik^Mm)) . (5.9) 

By the Cauchy-Schwarz inequality and the normalization J^^ dfc = 1, the remaining integral 
is bounded by 

2 



dkidks 

(Td)2 



dk2fik2Mn{k)) 



(5.10) 



By Fubini's theorem, this is equal to 

/ dk2dkU{k',yf{k2) f dk.dks^iQMn'y , (5.11) 



where Q' := Q{ki, k^; a). Thus it is bounded by ||/|||2 times the square root of 



d/C2d/C2 



dkidks (p{^l)ip{^l' 

(Td)2 



2 



(5.12) 



Therefore, we can conclude that the Lemma holds if we can prove that fl5.12p can be 
bounded by Cg. 

By assumption, we have if{x) = j_ ds<^(s)e'*^ where G L^. Therefore, by Fubini's 
theorem 

ds 0{s,m-s2y0{ss)0{-s^yg{s; a)= [ d:'k'd^k ip{niMn2yip{nsMn^y , 

(5.13) 

where we have used the same notations as in (DR[3]). However, a second application of 
Fubini's theorem shows that the right hand side here is equal to fl5.12p . This implies that 
fl5.12p is bounded by Cg which concludes the proof of the Lemma. □ 
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Proof of Proposition [3T71 Recall the definition of (p^ and in fl3.4p . and set also fl{x) := 
^2^^2 and f^lix) := ^ sign(x)e~'^l^l, x G M, e > 0, where sign(a;) denotes the sign of x which 
we choose to be if x = 0. By direct integration, we find that both of the pairs [ip^, 0^) 
and {(fl, 0l) satisfy the assumptions of Lemma 15^ for any e > 0. This immediately implies 
that for any j = 0,1, e > 0, X^[f,g] is independent of the choice of representatives and 
ll^el/) S'lIU^ < |C'g^^||/||i2||(7||oo < oo. Obviously, these properties then also hold for any 
L^- limit points. 

In fact, then also the pair {(p, 0) satisfies assumptions of the Lemma, if j = 0, 1, 
< e < Eq, and we define ip{x) := fHx) — v^^g(x) and (p{x) := 'fHx) — 0>ig{x) for x G M. 
Since then |<^(s)| = |e~^l*l(l — e~*^^°~^^l*l) < |(1 — e"*^"'^'), the Lemma implies that 

\\Ii[f,g]-TJf,g]\\L2<uiso)\\f\\L49\\o., (5.14) 
where m : [0, oo) — > M+ is defined by 




u{eo):=7; \ / ds\\ l-e-''^\-''\ \gis;a)\\ . (5.15) 



Clearly, u{0) = 0, and dominated convergence theorem can be applied here to prove that 
u is continuous. This proves the last statement in the first part of the Proposition. 

We can conclude that ||X| [/,(/] — Z^^,[f, g]\\L2 — )■ when max(£:,£:') — )■ 0"*". Therefore, if 
En > 0, n E N, and En — )■ 0, then Zl^[f,g] is a Cauchy sequence in L^. Thus the sequence 
converges in , and using fl5.14p it is straightforward to check that the limit is independent 
of the choice of the sequence (e^). Let the unique limit point be denoted by Xq[/, g]. Then 
the first two statements of the Proposition hold. In addition, taking e — )• in f l5.14p also 
shows that for any Eq > and both j = 0, 1 

\m[f,g]-VJf,g]\\L2<uiEo)\\f\\L49\\oo. (5.16) 

By the L^-convergence we can find a sequence En > 0, n E N, such that e„ — )■ and 
Z^^[f,g]{ko) — )-Xq(A;o) for almost every kg. But since then 

\I^Jf,g]{ko)\ < ll/lloolklloo / dfc;dfc^-^-^"-^7racoii(A;o,a)||/||oo|b||oo, (5.17) 

this implies also |25(fco)| < 7r||(Tcoii||oo||/||oo||fi'||oo- As the complement of such /cq has 
Lebesgue measure zero, we have proven the claim made about 2j in the Proposition. 
To prove fl5.7p . consider 

dM*.i^%%^2^1^/(*.MW. (5.18) 

J(jd)2 il{ko,ki,k2) 

Obviously, \ J^{ko)\ < e"l/||oo|kl|oo, and thus G L^. We claim that HJ"/ - X^^a 11^2 ^ 
as e — O"*", which implies that J'^ — )■ Xq in L^. For any x G M, 

X 1(1x1 > £:) , .e'^ e^ ^/i I ^ n X 

—n 7 — - = -H\x\>^) J + H\x\<^)—. 7- (5.19) 
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The first term is bounded by /{x^ + e'^), which shows that 

dA;idA;2 

'(T<*) 



(5.20) 



where C" is the constant introduced in the proof of Proposition I3.H and 

J^{k,) := / dk.dk^ im < e)^-^f{k^)g{k,) . (5.21) 

Therefore, it suffices to prove that ||J7'£^||l2 — )• as £ — i- 0+. 

For this, define for e,5 > the function ^ : R — )■ C by (^^^(s) := -^^e'^^^^he^s) where 

heis):= I d«^^^ sin(«s) . (5.22) 







Clearly, /i^ G L°°(ds) and thus ^ G L^nL°° and we can define ^lg{x) = /^ds ^lg{s)e^^^ 
X G R. Then Lemma 15.21 can be applied to 



J-5(fco) := [ dk,dk2 ^Is^fikMh) , (5.23) 



which shows that HJ/'^^^Hlz < C£7r-i||/||i2||5(||Loo with := J^4dsYl1^^\he{\si\)\\Q{s;a) 
On the other hand, explicit integration yields for any x G R 



^ da a 26 



27T a2 + e^(a + + 6"^ 



dy 1 ^ , X X + 6y 

— ^Mx + 6y<e)- —f — J, 5.24 

where in the last equality we have changed variables to y = —{a + x)/6. By dominated 
convergence, for any k G (T'^)^, such that |fi(/c)| 7^ e, we have \ims^Q+ = < 

e) ^2^g4 • By Corollary 13. 5 j the set of k with fl{k) = ±e has Lebesgue measure zero, and 
hence we find /^^.^d^fclf/^^ ^(f2)-l(|fi| < e)p^P ^ as 5 ^ 0+. This implies that J^^ ^ 
J'^ in L^(T^), and thus the previous bounds prove that also ||i7/||l2 < Ce7r~^||/||i2||5(||ic=o. 

Therefore, to conclude the proof of (15.71) . we only need to show that q — )■ when e — )■ 
0+. Since|sin?/| < |?/|, we have |/ie(s)| < for any s > 0, and thus lim£_^.o+ 11^=1 l^ed'^'DI — 
for fixed s G R'^. Now if we can show that |/ie(s)| is uniformly bounded for s > and 
e > 0, assumption (DR[5]) allows to use dominated convergence to prove that q — > 0. If 
< s < 2e~^, we have already found that |/ie(s)| < 2. Assume thus s > 2e~^ and set 
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ao := G {0,e). Then \jQ°da ^2'^^4 sm(as)| < sao < 2 and thus it remains to prove that 
the integral over [ao,e] is bounded. By partial integration and using cos(ao'S) = we have 

r a el 1 r e'^-a^ 

/ da— -sin(as) = — --cos(£:s)H — / da— r j— r cos(as) . (5.25) 

Here the first term is bounded by ^ and the second by - daa~^ < — < 1. We have 
shown that always |/i£(s)| < 4 which implies — )■ and concludes the proof of (15.71) . 

To prove the second part of the Proposition, assume that fe,ge ^ L'^iT'^), < £ < 1, 
are such that there is m < oo for which ||/e||oo7 lls'elloo < and fe^fiQe^Q in 
L^-norm as e — )■ 0"*". Since then there is a sequence e„ — )■ 0+ such that /^^ — )■ /, g^^ — )• g 
pointwise almost everywhere, this implies that also ||/||oo, WqWoo < and thus the previous 
results can be applied. Telescoping f{k2)g{h) - fe{k2)ge{h) = ifih) - fe{k2))g{h) + 
fe{k2){g{k^) — ge{kz)) and swapping the integration variables in the second term we can 
resort to the above bounds and obtain ||X^[/, gf] — X| [Z^, gf^] 11^2 < Cg^'*y(||/ — /£||l2 + \\g — 
gsWh'^) for e > 0. This implies also X|[/e,5fe] — )■ Xq [/,(;], as claimed in the Proposition. □ 

Corollary 5.3 Assume that uj satisfies (DI^-(D]^Bi) and W G L'j^rm- Then there is a 
unique Hes[W] G such that H^q[W] — )■ ifefr[W^] in norm as e — )• 0+. Moreover, there is 
a sequence En — )■ O'*" such that l\2.1^) holds for almost every ki. 

In addition, there is a constant C such that for any W, W G L'^f^.^m ^'^^ e,e' > Q 

\\Hl^[W] - Ht!^[W']\\2 < C{\\W' - W\\2 + w(max(£',£))) , (5.26) 
\\H,^[W] - H,^[W']\\2 < C\\W' - W\\2 , (5.27) 

where u denotes a function satisfying the conclusion of Proposition \5.1[ 

Proof: As explained in the beginning of this section, any component of ifggfVT] can be 
expressed as a finite linear combination of suitably chosen X^ [/, (yf]-terms. More precisely, 
it is straightforward to check that there is a finite index set 5" such that for any i,j G {1,2} 
and n G 5 we can find a constant c G M, with |c| < 1, £ G {2, 3, 4}, a, a', 6, h' G {1, 2}, and 
f G {0, 1, 2} such that for all k and W 

HlAWm^, = J2'^e[fa't',9^^^]{a[%a\'), (5.28) 

n&S 

where fa'^k) := WikU', g^Hik) := 1, g^^Jik) := WikU, and gj^^ik) := Wi-kU- 
Note that the constants inside the sum can depend on all of n,i,j, even though we have 
suppressed the dependence from the notation. 

If k is such that < W{k) < 1, then |W^(/c)ij| < 1 for all i,j. Thus it follows that in 
(E2HD always f,ge L~(T'^) with ||/|| 

5 lls'lloo ^ 1- Thus we can apply Proposition [571] and 
conclude that i?eff[W^]y H^s[W]ij in ^^(T'^) as e 0+, where 

Hesmik),, := J2^^o[fa'b',gl^P]i4k;a\') . (5.29) 

n£S 
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Let ifeff[W^](^) denote the matrix collecting the above limit functions. Then we can find a 
sequence — )■ such that H^g[W]{k)ij — )■ Hef[[W]{k)ij for all i,j and almost every k. As 
-^eff[^]«j(^)* = H^fi[W]ji{k) for every k, this implies that Hes[W]{k) is then Hermitian at 
almost every k. In addition, \\H'^f,[W] - H,4W]\\l = Y.^,j ll^eff[^]ii - H,s[W],,\\l,, and 
therefore -ffeff[W^] e and -ff|fj[W^] Hcs\W] as e 0. Since the index set S is finite, 
the representation of the limit as a standard principal value integral, fl2.12p . follows then 
from an application of (15. 7p to fl5.29p . 

Suppose then that W,W' e L|^^ and > 0. Then \\HIq[W] - H^^[W']\\2 < 
\\Hlff[W] - Hlff[W']\\2 + \\Hls[W] - H'^s[W]\\2. Let m be a function as in Proposition 
EH We can conclude that \\H'^s[W%j - Hlg[W%\\2 < \S\u{max{e,e'))\\W'\\2 for any 
Here \\W'\\l < 2, since W G and thus \\Hlg[W'] - HI^[W']\\2 < A\S\u{max{e, e')). 

To study \\Hls[W] - Hlff[W']\\2 write A := W - W and note that then fab[W] = 
fabiW] + U[A], gi;;^[W] = ^^il^m +^7iP[A], for f = 1,2, and gf^] = g^^^[W']. Since 
X^[f,g] is obviously linear in both / and g, this shows that 



m {k),, - Hl^ [W] (A;),, = cX] [A,,,, , g^i^ [W]] {a['k; a'O 
+ J2cli£' ^ 0)ll[W:,,,gl^\A]]ia[% a'^) . (5.30) 

Consider then one term in the second sum here. If i' = 0, then the term is zero. If 
£' = 1, we swap the integration variables, and if i' = 2, we change the integration variables 
to k'( = —k'2 and fcg = —k'^. This shows that each term in the second sum is either 
zero or of the form cJi[A,fe, g^^'WWi^k- a') for some choice of the sign and a' . Applying 
Proposition EH this shows that \\Hl^[W]{k)ij-HlQ\W']{k)ij\\L^ < A||2. Therefore, 

\\Hl^[W] - Hl^[W']\\2 < 2\S\"^Cl'^\\W - W'\\2. 

Thus by choosing C as larger of the constants in these two bounds, we can conclude 
that (I5.26P holds. Then taking e, e' — )• in (I5.26P proves also (I5.27P and concludes the 
proof of the corollary. □ 

Finally, let us show that adding the assumption (DR[3]) simplifies the definition of the 
dissipative term. 

Corollary 5.4 Assume that u satisfies (DI^-(DI^. Then for any Wi G L°°(T'^), i = 
1, 2, 3, we have 

Co[wi,W2,W3\{ki) = hm / K^) — :^Wi{k2)W2{k3)w-i{ki) , (5.31) 

where the limit converges in L'^{T'^)-norm. 

Therefore, then for any W G Lj^rm hJ ^ {1; 2} the L"^ -limit in l{2.1(]\) holds. 

Proof: For the given Wi, set m := max ||wj||oo, and choose a sequence as explained at 
the end of the proof of Lemma In particular, then f j „ — )■ Wi and Co,„ — ?■ Cq in L^-norm 
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as n — )■ cxD, where Co,„ := Co[vi^n,V2,n,'V3^n] and Cq := Co[wi,W2,Ws]. For any e > and 
fci denote the value of the integral on the right hand side of fl5.3ip by Cir{ki), and define 
Cs^n '■= Ce[vi^n,V2,n,V3^n] analogously. Then the function Ce G L°°, and we need to prove 
that ||Co -Ceh^O ase ^0+. 

For any n,e we can estimate \\Co - Ce\2 < \\Co - Co^nh + \\Co,n - Ce^nh + \Ks,n - Ce^- 
By Lemma ESI here \\Co — Co,„||2 < Cm'^J2^.=i ll'^i ~ ^i.nlh- Using a similar telescoping 
estimate and Proposition 15.1^ we can also find a constant C such that \\C^^n — Ce\\2 < 
C'm'^ Yl^^-^ \\wi — fj,„||2- Hence, for any eo > we can find n such that ||Co — Cs\\2 < 
^ + ||Co,n— C£,„||2- However, by Proposition 13. we can use dominated converge to conclude 
that ||Co,n — Ce,„||2 -> as e — )■ 0+. In particular, there is > such that for allO < e < e' 
it is less than ^. This proves that \\Co — Ce||2 — !■ as £ — t- 0+. 

Suppose then that W G Lf^^^ and i,j G {1,2} and consider the definition of Cdiss[M^]ij 
given in fl3.23p . Each of the Co-terms in the finite sum can be approximated in L^-norm 
by the corresponding C^-integral, for some fixed e > 0. The resulting Cg-terms then sum 
to the right hand side of f l2.10p . and hence the limit holds in L^-norm. □ 

Proof of Theorems \ 2. 2\ and \2.3\ Proposition 13 . 1 1 and Corollary 13.41 imply the statements in 
the first paragraph of Theorem 12.2^ as well as the first statement of the second paragraph. 
Corollary 15.41 proves the remaining statements in the second paragraph and completes the 
proof of Theorem 12.21 

Theorem 12.31 is a direct consequence of Corollary 15.31 □ 



6 Proof of Theorem 2.4 



Assume now that all of the conditions (DR[T])-(DR[3]) hold, and define Cdiss and Hes as 
in the already proven Theorems 12.21 and 12.31 For any representative of W & -^ferm 
< 5 < 1 let us define the corresponding "locally averaged representative" ^^[ly] by 
setting for /c G T'^, 

As[W]{k) := [ dk'l{\k'\<S)W{k + k'), (6.1) 

where Zs := jjadkl{\k\ < 6) is the appropriate normalization factor. The formula is un- 
derstood as a vector- valued integral over the compact set {/c G T'^ | < 5} in the Banach 
space L^. Since Lf^^^ C L°° {T^ , C'^^'^) , we can use dominated converge to conclude that 
y45[iy] is continuous on T"^. Also the Fermi property is clearly preserved and thus is a 
linear map from L^^j.^ to Xferm- 

We can also identify any component function Wij{k) with a function in L^(]R'^) by 
extending it periodically to the neighboring "cells" and then setting the extension to be 
zero in all other cells. If /c is a Lebesgue point of this extension, then 745[iy]jj(/c) — )■ Wij{k) 
as 5 —J- 0, cf. [ini Theorem 7.10]. Since almost every point is then a Lebesgue point, 
we find that lim5_^o ll^(5[W^](^) ~ = apart possibly from a set of measure zero 
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collecting the non-Lebesgue points of the three independent component functions of W. 
Since ||A5[Vr]||oo < 1 1 I loo < oo, dominated convergence implies that ^^[1^] W in L^. 

Let us then consider some allowed initial data Wq G L^^,.^ and some allowed regulators 
< e,S < 1. By Theorem 14. ![ for all t > 0, we then have a unique solution Wt{-] e, 6, Wq) G 
-^ferm to the regularized problem with initial data wq = As[Wo]. We can also find for /c G T*^ 
and < s < t unitary matrices Ut^s{k; e, 6, Wq) such that Ut^t{k) = 1 and s (-)■ Ut^s{k) belongs 
to C^^^([0, t], C^^^) with dsUt^s{k) = iut^s{k)HlQ[ws]{k), and we have for all t > 0, and k, 

Wt{k) = Utfl{k)wQ{k)utfl{ky + / (lsut,s{k)CA:,ss[ws]{k)ut^s{k)* ■ (6.2) 

Jo 

Let us then consider two allowed initial data Wq, Wq G Lf^^^ and some allowed reg- 
ulators < e',e,5',5 < 1. Define w and u as above using e, 5 and Wq, and set also 
w[{k) := Wt{k] e\ 5', Wq) and u[ ,.{k) '■= Ut^s{k] e' ■, 5', Wq). Using f l6.2p for both solutions and 
telescoping shows that then 

wt{k) - w[{k) = utfl{k) {5wQ{k) + 5utfi{k)w'Q{k)) Utfiik)* - u[Q{k)w'Q{k)5utfi{k)u[Q{k)* 

+ / dsUt,s{k){CAiss[^s]{k) - CAissWs]{k))ut,s{k)* 







+ / (lsut^s{k)5ut,s{k)CAiss[w's]{k)ut,s{k)* - / dsu[Xk)Cdms[w's]{k)5ut^s{k)u[Xky, 
Jo Jo ' 



(6.3) 

where Sut^^ik) := 1 - Mi,,(A;)*u;^,(fc) and 6wQ{k) := As[Wq] - ^^/[W^]. Clearly, \\UMU*\\ = 
||M|| if ?7 is a unitary matrix. Thus we obtain from (16. 3p a bound 

\\wtik)-w[ik)\\ < \\Swo{k)\\ + 2\\5ut,o{k)\\\Hik)\\ 

+ [ ds||CdissH(A;)-CdissK](fc)||+2 [ ds\\6ut,sik)\\\\CdissK]ik)\\. (6.4) 



Here ||u;[,(fc)|| = p5/[iy(;](A;)|| < esssup^, ||W^o(^')ll < 2, since < < 1 almost every- 
where. Therefore, we find a bound 

\\Wt - W[\\2 < \\Swo\\2 + 4\\SUtfi\\2 + / ds IICdissK] - CdissMlh 

Jo 

+ 2 ds\\6ut^s\\2esssnpk\\Cdiss[w',]{k)\\ . (6.5) 

^0 



Here we can apply Corollary 13. 4[ which implies that there is a pure constant C such that 

ll^t - Wjlb < ll'^'W^olb + 4||(5Mt,o||2 + C* / ds ll'u;^ - '«;^||2 + 2C / ds ||(5Mt,^||2 . (6.6) 

Jo Jo 

For simplicity, denote hs{k) := H^ff[ws]{k) and h'g{k) := H^g[w'g\{k). Now 5ut^t{k) = 
and \\5ut^,{k)f = 2til - ti{ut,sik)u't,{k)* + u[^^{k)ut,sik)*). Thus ds\\Sut,s{k)f = 
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-itr [{h,{k) - K{k))u[,{kyut,s{k)]+itT [{hs{k) - K{k))ut,s{kyu't^,{k)]. Applying Cauchy- 
Schwarz inequality to the Hilbert-Sclimidt scalar product here, we find that < 
\\u[^,{kyut,s{k) - ut,sikru[^s{k)\\\\hs{k) - Kik)\\ < 2\\6ut,sik)\\\\hsik) - Kik)\\. Therefore, 
for any < r < t we have = — J^dsds\\5ut^s{k)\\'^ < 2 J^ds \\5ut,s{k)\\\\hs{k) — 

h'g{k)\\. Set mt{k) := suPq<^<( H^Ut^^l^)!!, where obviously mt{k) <A<oo. It follows that 
\\5ut,r{k)f < 2mt(A;)/ods^/i~(A;)-/i',(A;)||,andhence mt{kf < 2mt{k) jlds\\hs{k)-h'^{k)\\. 
Thus we can conclude that for all < r < t we have 

¥uUk)\\ < 2 fds \\Hl^[wm - ^effK](^)ll • (6.7) 
Jo 

Therefore, by using the constant C and the function u{x) as in Corollary 15.3^ we can 
conclude that ||5ui,r||2 < 2C /gds — w^||2 + M(niax(£, £:'))). Applied in (16.61) . this shows 
that there is a pure constant C such that 

\\wt-w't\\2<\\5wo\\2 + C't{l + t)u{jii&x{e,e')) + C'{l + t) [ ds\\ws-w%. (6.8) 

Jo 

Since the map t i— >■ \\wt — w^\\2 is continuous, Gronwall's lemma can be applied here, and 
we can conclude that, if to > 0, then for all < t < to we have 

\\wt - w[\\2 < {\\As[Wo] - As.m2 + C't{l + t)u{m^x{e,e'))) e^'(i+*«)* . (6.9) 

We can thus apply this also in the special case Wq = Wq and consider the sequence 
of solutions defined for e = 1/n, 6 = 1/n: set Wt^n{k) := Wt{k]l/n,l/n, Wq), n E N. By 
dSS]), if < t < to, then 

\\Wt,n - Wt,n'\\2 < {\\Ai/n[Wo] - A,/.^,[Wo]\\2 + C'to{l + toHl / mm{n, u')) e^'(i+*")*o . 

(6.10) 

Thus Wt^n forms a Cauchy sequence in and there exists Wt := lim„^oo W^t,n for all t > 
(by the previous discussion, the limit indeed coincides with Wq if t = 0). Since VF^ „ G L'^erm 
for all n and is a closed subset, this implies that Wt G Lf^^^. By Corollary 15. 3[ then 
also 

H,s[Wt] = lim Hl,[Wt] = lim H^^[Wt,n] , (6.11) 

n— >oo n— ^oo 

where the limits are taken in L^-norm. The conservation laws fl2.14p and fl2.15p can be 
identified as scalar products in L^, the first with the function k i-> uj{k)l, and the second 
with the constant matrix Mj/^/ := Sij'6ji'. Since the equalities hold for all Wt^n and these 
converge in to Wt, this implies fl2.14p and f l2.15p . 

Since Wt^n is a solution to the regularized problem, it satisfies a pointwise identity 

Wt,n{k) = Wo,n{k) + J^ds (CaUWs,nm ' ifi/^/" [PF,,,] ( A;) , W.,„(A;)]) . (6.12) 



36 



By taking a scalar product with an arbitrary element in and using Corollaries 13.41 and 
15.31 "we thus find that as vector valued integrals in 

Wt = Wo+ [ ds iCdissiWs] - i[H,4Ws], W^]) . (6.13) 

This implies first that t ^ Wf is in C{[0, oo), Lf^^.^) and the Frechet derivative satisfies 
dtWt = C[Wt] for t > 0. Thus W e C<^'\[0, oo), Ll^J. 

Finally, suppose Wl is an arbitrary solution in C^^\[0, oo), L'^cim) with initial data Wq, 
and denote At := Wt - W^. Then At E C-^KlO, oo), L'^) and 

dtAt = Cdiss[m] - Cdiss[W^;] - i[H,s[Wt] - ifeffK], W;] - i[H,s[Wt],At] . (6.14) 

For this computation, and those that follow, it can be helpful to note that is a real 
Hilbert space whose scalar product can be written as {w',w) = JdktT{w'{k)w{k)). In 
particular, it can be applied to conclude that 1 1— >■ || AtH^ is continuously differentiable with 
9t||Aj||2 = 2(At,9tAt). Sincebyperiodicityoftrace wehavetr(At(A;)[ifcff[W^i](/i;), At(A;)]) = 
for all k , this shows that 

dtWAtWl = 2 (At, C^isslWt] - Cdiss[l^;] - i[H,s[Wt] - H,s[W;], W^]) . (6.15) 

Applying Corollaries 13.41 and 15. 3 [ the property \\Wt\\ < 4, and Cauchy-Schwarz inequality, 
we can conclude that there is a constant C such that |9t||Af||2| < C||At||2. Therefore, 
Gronwall's lemma implies that for all t > 

\\Wt-w;\\i<\\Wo-w;,\\le'''. (6.16) 

This result implies both the stated stability and uniqueness of solutions in L]^^^, and thus 
concludes the proof of the Theorem. □ 



A Nearest neighbor dispersion relation at d >3 

We prove here that the nearest neighbor dispersion relation of the square lattice of dimen- 
sion d > 3 satisfies all of the assumptions of the main theorem. 

Proposition A.l If d > 3, all the properties listed in Assumption \2.1\ are satisfied by the 
nearest neighbor dispersion relation, 

d 

u]{k) := c — '^^cosp" , with p = 271 k, (A.l) 

where c eM. is arbitrary. 
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Proof: Fix some d > 3 and define u by (lA.ip . It is clear that u is then continuous and 
satisfies uj{—k) = uj{k). In the Appendix to [12] it is already proven that then there is a 



constant C such that the free propagator satisfies WptW^ < C(l + |t|)~~, and hence 
it belongs to L^{dt). Therefore, (DR[T]) and (DR[2]) hold and we only need to prove that 
also (DR[3]) is satisfied (note that the present conditions are different from those defined in 

Fix cr G { — 1, 1}^ and recall the definition of the functions Q and Qi given in the 
statement of (DR[5]). We need to inspect 

g{s)= [ d='A;'d'fce^^-i^'^'(^''='), (A.2) 

defined for s G W^. It suffices to prove that J^^ ds\Q{s)\ < oo, as we can then choose as Cg 
the maximum of all such bounds obtained from the 16 possible choices of a. 

For the nearest neighbor dispersion relation, the constant term produces only a global 
phase factor, and the integrals corresponding to the d different "directions" factorize. This 
shows that \G{s)\ 



\F{s)\'^ < where 
d^k'd^ke-''^^''''''''^ 



T3xT3 



F{s) 

g{s, k, k') := SjCrj cos{Pij{k, k')) = Re 




\P^J(k,k') 



(A.3) 
(A.4) 



Each Pij is a linear function of {k,k'), which are easiest to define by using the following 
matrix representation 

/ ki k2 ks ki + k2- /csX 



P{k,k') := 2-K 



ki ^2 k^ ki + ^2 



(A.5) 



k[ k2 k'^ k[ + k2- k'^ 

\ y y y y m y — y i 

In order to better decouple the interdependence, let us change the integration variables 



from {k,k') to (g, a) where qi = 2'nki^ q2 
2n{k'^ — k'2) and 0:3 = 27T{k2 — k'2). Then 

qi qs - "3 



2'!Tk[, gs = 27rA;2, "i = 27r(A;3 - ^2), ^2 



P{k,k') 



qz + ai gi - ai \ 

g3 + tti gi - ai - ^3 

g2 g3 g3 + "2 - "3 g2 + "3 - "2 
\g2 g3 - ^3 g3 + ^2 - "3 g2 - «2 / 



(A.6) 



and, therefore. 



g{s, k, k') = Re (e''^' [skti + S2(Ti + sia^e''''' + S2a4e-^("i+"^)] 

+ e"'' [si(T2 + saCTse"'"^ + 53^2 + S4a2e-'°^ 

+ siase""' + S2cr3e'°^ + sgcxae'^'^-^^) + s^a^e'^"'-''^'^ 



(A.7) 
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This shows that for any fixed s G and a G [— vr, tt]^ there is <y9(s, a) G such that 



g{s, k, k') = ^ Ri{s, a) cos(gi + Lpi{s, a)) 



i=l 



where 



i?i(s, a) 
R2{s, a) 



i?3(s,a) 



'i(ai+Q:3) I 



|s3(Ti + 54^1 + S3a4e'("3-"2) + S4(T4e-^"2| 



I 51(72 + S2a2e + 53(72 + 54(726 '"^ 

+ si(73e^"i + S2a3e^"i + S3a3e'("2-"^) + s^ase'^"'-"'^] 
Therefore, we can first integrate over q, and this yields 

3 



F(s) 



da 



(A.9) 
(A.IO) 

(A.ll) 



(A.12) 



where /(r) := J^^ |^e "'^^p. As shown in by a direct saddle point argument, here we 

can find a pure constant Ci such that < Ci(l + 

Collecting all the above estimates together, we can conclude that 



ds 



i^wi^(l)7/^(t,/"n(i+«.(^."))-)' 



(A,13) 



By Fubini's theorem, even if infinite, the integral here is equal to 



'([-7r,^]3) 

where for all i,j G {1, 2, 3} we define 

mjj(s) := 1 + Ri{s,a^^'^) , 



3 

d«(i)da(2)^^(3) / TT 



(A.14) 



(A.15) 

:= mij{s)m2,j{s) , /2j(s) := m2j(s)m3j(s) , fsjis) := mij{s)m3j{s) . (A.16) 
Thus by Holder's inequality (IA.14p is bounded by 



da(^)d«(2)^^(3) TT / dsfe.isy 



-I 3 



[— 7r,7r]' 



(A.17) 



The main point of introducing the functions / above is that each of them is a product 
of two terms, one of which depends only on either Ri or R2. Since Ri does not depend on 
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S3 or S4, and R2 does not depend on si or S2, it is possible to estimate the four-dimensional 
integral over s by a product of two two-dimensional integrals. Even though the above 
integrals might be infinite for some "bad" choice of a :— a^^\ we can nevertheless always 
estimate 



3 „ 

n / dsfe,i{s)-i < {Gi{a)G2{a)fG^{a)G^{a) 



where 



(A.18) 

(A.19) 
(A.20) 
(A.21) 
(A.22) 



We will next derive upper bounds for Gj. Only the most complicated case, G4, will 
be considered here in detail; the other cases can be estimated similarly. We first recall 
the definition of R3 and the lower bound \z\ > max(|Re;s|, |Im^|) valid for any complex 
z. Since |(72 -|- (73e^°^| > | sin 0:2 1, it is nonzero apart from a set of measure zero. Whenever 
sin 0:2 7^ 0, we can estimate 



G,{a) 


:= Jdsids2{l + Ri{s,a)) 


9 

4 


G2{a) 


:= J ds3ds4{l + R2{s,a)) 


9 
4 


G3{a) 


:= sup / dsids2 (1 + Rsis, 






S3,S4 J 




G^{a) 


:— sup / ds3ds4 (1 -|- R3{s, 

S1,S2 J 





-^3(5, a) 

= |si((T2 + aae*"!) + sslase-'"^ + ase""'] 
> |(72 + (73e'"^| max I |s4 + a{a, si, S2, ss) \ , 



53(^2 + ase^^"^-"^)) + S4e-^"^n^2 + ^36^"^) 



S3lm ■ — \-b[a,si,S2) 



(72 + o-3e^"2 

where a, 6 e R depend only on the shown variables. Here 



^ cT2e'"^^ + ase'"^ ^ dac'"-^ - ^2 
Im : = Im 



. aa^ 2ie'("3-"2)/2 

■ = o-2(73 sm — Im — — 

CT2 + (73e'"2 2 + (T2a3e-'^ 



(72 + CT3e'"2 

If (72(73 = 1, then |(72 -I- (73e'°2| — 2| cos((3;2/2)|, and we find 



(A.23) 



(A.24) 



\(72 + CTse ' 



Im 



cr2e'"3 + (73e 



ia2 



(72 + o-3e'"2 

Else, we have (72173 = —1, and thus |(72 + (736'"^ 





. «3 




Q!3 — Q;2 


= 2 


sm — 




COS 




2 




2 



(A.25) 



2 1 sin(Q;2/2)| and 



(72 (73e 



ia2 I 



Im 



(72e'°=^ + (73C'"2 
0-2 + (73ei"2 



sm 



"3 



sm 



03 - a2 



(A.26) 
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Therefore, apart from a set of measure zero 

Rsisja) > max(|s4 + a'{a, Si, S2, 53)] , \s'^ + b'{a, Si, S2)\) , (A. 27) 

where a',b' G M, S3 = 2 |sin(a3/2)| \t{{a3 - a2)/2)|s3 and S4 = 2|t(a2/2)|s4, with t{x) = 
cos(x), if a2<J3 = 1, and t{x) = sin(a;), if a20'3 = —1. 

To estimate G4, we represent the integrand as the product of its square roots, apply 
the first of the lower bounds implied by (IA.27P to the first factor, and the second bound 
to the second factor. Then we integrate over S4 first, change it to s'^ + a', and then change 
S3 to S3 + 6'. Since J^dr{l+\r\)~^^^ < 00, this shows that there is a pure constant C such 
that almost everywhere 

(J 

GAa) < — z — z — -- — -7 , (A.28) 

' - \U{a2/2) sin(a3/2)t4((a3 - 0^2) /2)\ ^ ' 

where denotes either "sin" or "cos" depending on the sign of a2(r3. 

Repeating analogous steps to the other three cases, yields also the following almost 
everywhere valid uppers bounds for some pure constant C 

C 

Gxia) < - — — -- — TTTT, (A. 29) 

^ - |ti(ai/2)sin(a3/2)ti((ai + a3)/2)| ' ^ ^ 

C 

^'^""^ - |t2(«2/2)sin(a3/2)t2((«3-«2)/2)| ' ^"^'^^^ 

C 

^'^"^ - |t3(«i/2)sin(a3/2)t3((ai + a3)/2)| ' ^"^'^^^ 

where each tj, i = 1,2, 3, denotes either "sin" or "cos" depending on the value of a. 

Now we can collect the bounds together and apply once more Holder's inequality to 
simplify the estimates. We find that 

ds\g{s)\<(^) fda{GiG2)-^ lda{GiGif^ !da{G2G3f^ . (A.32) 



271^ 

which is finite, since each of the three integrals is finite. For instance, by (]A.29|) and ( ]A.30p 

da (GiG2)^ 



< C3 y da3 I sin(a3/2)| 3 

X jdai\ti{ai/2)ti{{ai + a3)/2)\--3 y"da2 |t2(«2/2)t2((a3 - a2)/2)|-^ 
<Gi j da3\sm{a3/2)\~i j dai\ti{ai/2)\~i j da2\t2{a2/2)\-i , (A.33) 

and all of the remaining integrals contain only integrable singularities of the form r~^/^, 
for all allowed choices of ti and ^2- The integrals jda{GiG^3 and jda{G2G3)3 are of 
the same form, and the argument proving their finiteness is identical to the above. This 
completes the proof of the Proposition. □ 
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